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THE NORMALITY AND BOUNDED GROWTH OF BALLEANS
TARAS BANAKH AND IGOR PROTASOV
Abstract. By a ballean we understand a set X endowed with a family of entourages which
is a base of some coarse structure on X. Given two unbounded balleans X,Y with normal
product X ×Y , we prove that the balleans X,Y have bounded growth and the bornology of
X × Y has a linearly ordered base. A ballean (X, EX) is defined to have bounded growth if
there exists a function G assigning to each point x ∈ X a bounded subset G[x] ⊂ X so that
for any bounded set B ⊂ X the union
⋃
x∈B
G[x] is bounded and for any entourage E ∈ EX
there exists a bounded set B ⊂ X such that E[x] ⊂ G[x] for all x ∈ X \ B. We prove that
the product X×Y of two balleans has bounded growth if and only if X and Y have bounded
growth and the bornology of the product X × Y has a linearly ordered base. Also we prove
that a ballean X has bounded growth (and the bornology of X has a linearly ordered base)
if its symmetric square [X]≤2 is normal (and the ballean X is not ultranormal). A ballean
X has bounded growth and its bornology has a linearly ordered base if for some n ≥ 3 and
some subgroup G ⊂ Sn the G-symmetric n-th power [X]
n
G of X is normal. On the other
hand, we prove that for any ultranormal discrete ballean X and every n ≥ 2 the power Xn
is not normal but the hypersymmetric power [X]≤n of X is normal. Also we prove that the
finitary ballean of a group is normal if and only if it has bounded growth if and only if the
group is countable.
1. Introduction and survey of results
It is well-known that the normality of topological spaces is not preserved by products. For
example, the Sorgenfrey line is normal but is square does not.
In this paper we study the normality of products of balleans. For this purpose we introduce
a new notion, called the bounded growth. We start with necessary definitions.
A ballean is a pair (X, EX) consisting of a set X and a family EX of subsets of the square
X ×X satisfying the following three axioms:
(1) each E ∈ EX contains the diagonal ∆X = {(x, x) : x ∈ X} of X;
(2) for any E,F ∈ EX there exists D ∈ EX such that E ◦ F
−1 ⊂ D, where E ◦ F :=
{(x, z) : ∃y ∈ X such that (x, y) ∈ E and (y, z) ∈ F} and F−1 := {(y, x) : (x, y) ∈ F}.
(3)
⋃
EX = X ×X.
The family EX is called the ball structure of the ballean (X, EX ) and its elements are called
entourages. For each entourage E ∈ EX and point x ∈ X we can consider the set E[x] :=
{y ∈ X : (x, y) ∈ EX} called the ball of radius E centered at x. For a subset A ⊂ X the set
E[A] :=
⋃
a∈A E[x] is called the E-neighborhood of A. Observe that E =
⋃
x∈X{x} ×E[x], so
the entourage E can be recovered from the family of balls E[x], x ∈ X.
For a ballean (X, EX) and a subset Y ⊂ X the ballean (Y, EX↾Y ) endowed with the ball
structure
EX↾Y := {(Y × Y ) ∩ E : E ∈ EX}
is called a subballean of X.
Any metric space (X, d) carries a natural ball structure {Eε : 0 < ε <∞} consisting of the
entourages Eε := {(x, y) ∈ X ×X : d(x, y) < ε}.
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A ballean (X, E) is called a coarse space if for any entourage E ∈ EX , any set F ⊂ E with
∆X ⊂ F belongs to EX . In this case EX is called the coarse structure of X. For a coarse
structure E , a subfamily B ⊂ E is called a base of E if each set E ∈ E is contained in some set
B ∈ B. It is easy to see that each base of a coarse structure is a ball structure. On the other
hand, each ball structure E on a set X is a base of the unique coarse structure
↓E := {E ⊂ X ×X : ∆X ⊂ E ⊂ F for some F ∈ B}.
If the ball (or coarse) structure EX is clear from the context, we shall write X instead of
(X, EX ).
For a family (Xi)i∈I of balleans their product
∏
i∈I Xi carries the natural ball structure
{{(
(xi)i∈I , (yi)i∈I
)
: ∀i ∈ I (xi, yi) ∈ Ei
}
: (Ei)i∈I ∈
∏
i∈I
EXi
}
.
The ballean
∏
i∈I Xi will be called the box-product of the balleans Xi, i ∈ I. If the index set
I is finite, then the box-product
∏
i∈I Xi will be called the product of balleans. If Xi = X for
all i ∈ I then the product
∏
i∈I Xi is denoted by X
I and is called the I-th power of X.
A subset B ⊂ X of a ballean (X, EX) is called bounded if B ⊂ E[x] for some E ∈ EX and
x ∈ X. A ballean X is bounded if X is a bounded set in (X, EX ).
The family BX of all bounded subsets is called the bornology of the ballean (X, EX). If the
ballean X is unbounded, then the bornology BX is an ideal of subsets of X. A family I of
subsets of a set X is called an ideal on X if I is closed under finite unions and taking subsets,
and X /∈ I.
More information on balleans and coarse spaces can be found in the monographs [4], [14],
[18], [20], [21] and in the papers [6], [7], [8], [9], [13].
Now we recall the necessary information on normal balleans (which were introduced and
studied by Protasov in [15]).
Let (X, EX ) be a ballean. Two subsets A,B ⊂ X are called asymptotically disjoint if for any
E ∈ EX the intersection E[A]∩E[B] is bounded in (X, EX ). We recall that E[A] =
⋃
a∈A E[a]
is the E-neighborhood of A in (X, EX).
A subset U ⊂ X is called an asymptotic neighborhood of a set A ⊂ X if for every E ∈ EX the
set E[A]\U is bounded. It is easy to see that a subset U ⊂ X is an asymptotic neighborhood
of a set A ⊂ X if and only if the sets A and X \ U are asymptotically disjoint.
A ballean (X, E) is called normal if any asymptotically disjoint sets A,B ⊂ X have dis-
joint asymptotic neighborhoods. A ballean (X, EX ) is called ultranormal of X contains no
asymptotically disjoint unbounded sets A,B ⊂ X. It is clear that each ultranormal ballean
is normal. Examples of ultranormal balleans will be presented in Examples 1.10 and 1.20.
Normal balleans have properties, analogous to properties of normal topological spaces.
For example, Protasov [15] proved analogs of Urysohn Lemma and Titze-Urysohn Extension
Theorem for normal balleans. By Proposition 1.2 in [15], the normality of balleans is inherited
by subballeans. In Section 2 we prove more results on preservation of normality by maps
between balleans.
A sufficient condition for normality is given in the following theorem proved by Protasov
[15].
Theorem 1.1. A ballean X is normal if its coarse structure has a linearly ordered base.
Theorem 1.1 motivates the problem of recognizing balleans whose coarse structure has a
linearly ordered base. We shall answer this problem using two cardinal characteristics of
balleans: the additivity add(EX) and the cofinality cof(EX) of the ball structure EX .
THE NORMALITY AND BOUNDED GROWTH OF BALLEANS 3
Those cardinal characteristics are defined for each partially ordered set (P,≤) as follows:
cof(P ) := min{|A| : A ⊂ P ∀x ∈ P ∃y ∈ A (x ≤ y)},
add(P ) := min{|A| : A ⊂ P ∀y ∈ P ∃x ∈ A (x 6≤ y)}.
The cardinal add(P ) is not defined if the partially ordered set P has the largest element. In
this case we put add(P ) = cof(P ) = 1.
Observe that cof(P ) is the smallest cardinality of a cofinal set in P and add(P ) is the
smallest cardinality of an unbounded set in P , where a subset A ⊂ P is
• bounded if there exists y ∈ P such that x ≤ y for all x ∈ A;
• cofinal if for each x ∈ P there exists y ∈ A such that x ≤ y.
Cofinal sets are also called bases of partially ordered sets. It is easy to see that add(P ) ≤
cof(P ) for any partially ordered set P . Moreover, P has a linearly ordered base if and only if
add(P ) = cof(P ) if and only if P has a well-ordered base of cardinality add(P ) = cof(P ). An
important observation is that for any partially ordered set P the cardinal add(P ) is regular.
Each ballean X supports three natural structures, which are partially ordered sets: the ball
structure EX , the coarse structure ↓EX , and the bornology BX . The cardinal characteristics
of these partially ordered sets can be considered as cardinal characteristics of the ballean.
Let us observe that
add(EX) = add(↓EX) ≤ add(BX) ≤ cof(BX) ≤ cof(↓EX) = cof(EX)
for every ballean X.
It follows that the ball structure EX of a ballean X has a linearly ordered base if and only if
add(EX) = cof(EX) if and only if X has a well-ordered base of cardinality add(EX) = cof(EX).
A ballean X is defined to be cof-regular if cof(EX) = cof(BX). Many natural examples of
balleans are cof-regular. In particular, so are balleans described in Examples 1.1, 1.2 in [15]
and Examples 2,3,6 in [16].
Theorem 1.1 implies that a balleanX is normal if cof(EX) ≤ add(EX). In fact, the normality
of X can be derived from the weaker inequalities cof(EX) ≤ add(BX), cof∗(EX) ≤ add(BX)
or even cof⋆(EX) ≤ add(BX).
Here cof∗(EX) is defined as the smallest cardinality |C| of a subfamily C ⊂ EX such that for
any entourage E ∈ EX there exists an entourage C ∈ C such that E \C is bounded in X×X.
The cardinal characteristic cof⋆(EX) is defined as
cof⋆(EX) := sup
A⊂X
cof∗(EX [A])
where cof∗(EX [A]) is the smallest cardinality |C| of a subfamily C ⊂ EX such that for any
E ∈ EX there exists C ∈ C such that E[A] \ C[A] ∈ BX . It is easy to see that
cof⋆(EX) ≤ cof∗(EX) ≤ cof(EX) = max{cof∗(EX), cof(BX)}
for every ballean (X, EX ).
Theorem 1.2. A ballean X is normal if cof⋆(EX) ≤ add(BX).
This theorem will be proved in Section 4. Since cof⋆(EX) ≤ cof(EX), it implies the following
sufficient condition of normality in box-products.
Corollary 1.3. The box-product
∏
i∈I Xi of balleans is normal if
cof(EXi) = add(BXj) > |I| for any i, j ∈ I.
In particular, a ballean X is normal if cof(EX) ≤ add(BX).
The necessary conditions of the normality of ballean products are given in the following
theorem that will be proved in Section 5.
4 TARAS BANAKH AND IGOR PROTASOV
Theorem 1.4. If the product X × Y of two unbounded balleans is normal, then
(1) add(BX) = cof(BX) = add(BY ) = cof(BY );
(2) the bornology BX×Y of the product X × Y has a linearly ordered base;
(3) the balleans X,Y have bounded growth.
The notion of bounded growth that appears in the preceding theorem is new and is defined
as follows.
Definition 1.5. A ballean (X, EX) is defined to have bounded growth if there exists a subset
G ⊂ X ×X such that
• for every bounded set B ⊂ X the set G[B] = {y ∈ X : ∃x ∈ B (x, y) ∈ G} is bounded
in X;
• for every entourage E ∈ EX there exists a bounded set B ⊂ X such that E[x] ⊂ G[x]
for all x ∈ X \B.
The function G will be refered to as a growth entourage of the ballean X.
In Section 3 we study balleans of bounded growth and prove the following characterization.
Theorem 1.6. The product X × Y of two balleans X,Y has bounded growth if and only if
the balleans X,Y have bounded growth and the bornology BX×Y has a linearly ordered base.
Let us observe that Theorem 1.4 implies the following corollary that nicely complements
Corollary 1.3.
Corollary 1.7. If the box-product
∏
i∈I Xi of |I| > 1 unbounded balleans is normal, then each
ballean Xi has bounded growth and add(BXi) = cof(BXj ) for any i, j ∈ I.
Theorems 1.1 and 1.4 will be applied to prove the following characterization of normality
of finite products of cof-regular balleans. Let us recall that a ballean X is cof-regular if
cof(EX) = cof(BX).
Theorem 1.8. The finite product X =
∏n
i=1Xi of n ≥ 2 unbounded (cof-regular) balleans
is normal (if and) only if the bornology BX of X has a linearly ordered base.
Proof. Assuming that the product X =
∏n
i=1Xi is normal, we conclude that for any 1 ≤
i < j ≤ n the product Xi × Xj is normal, too. Then add(BXi) = add(BXj ) = cof(BXi) =
cof(BXj) according to Theorem 1.4. So, there exists an infinite regular cardinal κ such that
add(BXi) = cof(BXi) = κ for all i ≤ n. It follows that for every i ≤ n the bornology BXi
has a base (Bi,α)α∈κ such that Bi,α ⊂ Bi,β for all α < β < κ. Then
{∏k
i=1Bi,α}α∈κ is a
well-ordered base of the bornology BX .
Now assume that the bornology BX of X has a linearly ordered base and the balleans Xi
are cof-regular. Then
cof(EX) = max
1≤i≤n
cof(EXi) = max
i≤i≤n
cof(BXi) = cof(BX) = add(BX).
So we can apply Corollary 1.3 and conclude that the ballean X is normal. 
Important examples of cof-regular balleans of bounded growth are discrete balleans.
Definition 1.9. A ballean (X, EX ) is called discrete if X is unbounded and for any entourage
E ∈ EX there exists a bounded set BE ⊂ X such that E[x] = {x} for all x ∈ X \BE .
Discrete balleans are called pseudodiscrete in [20] and thin in [12]. The coarse structure
↓EX of a discrete ballean (X, EX) can be recovered from the bornology BX : an entourage
E ⊂ X ×X belongs to ↓EX if and only if E ⊂ ∆X ∪ (B ×B) for some bounded set B ∈ BX .
This observation implies that add(EX) = add(BX) and cof(EX) = cof(BX), so each discrete
ballean is cof-regular. Definitions 1.5 and 1.9 imply that discrete balleans have bounded
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growth. Each discrete ballean (X, EX) has cof⋆(EX) = cof∗(EX) = |{∆X}| = 1 and hence is
normal by Theorem 1.2. A ballean is called ultradiscrete if it is ultranormal and discrete.
Example 1.10. Each ideal B of subsets of a setX =
⋃
B induces the discrete coarse structure
⇓B, generated by the base consisting of the entourages (B × B) ∪ ∆X where B ∈ B. The
bornology BX of the ballean (X,⇓B) coincides with the ideal B. Being discrete, the ballean
(X,⇓B) is cof-regular and has bounded growth. It is ultranormal if and only if B is a maximal
ideal on X if and only if the family {X \B : B ∈ B} is an ultrafilter.
In Proposition 6.2 we shall prove that any ultradiscrete ballean X has add(BX) < cof(BX),
which implies that the bornology of X does not have a linearly ordered base. Combining this
fact with Theorems 1.8 and 1.2, we obtain
Corollary 1.11. For any ultradiscrete balleans X,Y the product X × Y is not normal and
hence
cof∗(EX×Y ) ≥ cof⋆(EX×Y ) > add(BX×Y ) ≥ 1 = cof∗(EX) = cof∗(EY ).
In particular, the square X ×X of an ultradiscrete ballean X is not normal. Surprisingly,
but the hypersymmetric powers of ultradiscrete balleans are normal.
For a ballean X by [X]B we denote the family BX \ {∅} of all non-empty bounded sets in
X, endowed with the ball structure E[X]B consisting of the entourages
Eˆ = {(A,B) ∈ [X]B × [X]B : A ⊂ E[B], B ⊂ E[A]}
where E ∈ EX . The ballean ([X]
B, E[X]B) is called the hyperballean of (X, EX). Hyperballeans
were studied in [19] and [5].
For a natural number n the subbalean
[X]≤n := {A ∈ [X]B : |A| ≤ n}
of [X]B is called the hypersymmetric n-th power of the ballean X. It is clear that X can be
identified with the ballean [X]≤1.
It is easy to see that the cardinal characteristics cof(EX), add(EX), cof(BX) and add(BX)
of a ballean X coincide with the corresponding cardinal characteristics of its hyperballean.
So, we can apply Corollary 1.3 and obtain the following proposition.
Proposition 1.12. The hyperballean [X]B of a ballean X is normal, if cof(EX) ≤ add(BX).
In spite of the fact, that for an ultradiscrete ballean X the square X ×X is not normal, in
Section 7 we shall prove the following inexpected result.
Theorem 1.13. For any ultradiscrete ballean X and every n ≥ 2 the n-th power Xn of X is
not normal but the hypersymmetric power [X]≤n of X is normal.
On the other hand, in Section 8 we shall prove the following necessary conditions of the
normality of the hypersymmetric square.
Theorem 1.14. If for a ballean X the hypersymmetric square [X]≤2 is normal, then
(1) X has bounded growth and
(2) either X is ultranormal or the bornology BX of X has a linearly ordered base.
Theorems 1.8, 1.13, 1.14 and Proposition 1.12 imply the following characterization.
Corollary 1.15. For a discrete ballean X the following conditions are equivalent:
(1) for every n ∈ N the hypersymmetric power [X]≤n of X is normal;
(2) the hypersymmetric square [X]≤2 is normal;
(3) either X is ultranormal or the bornology BX of X has a linearly ordered base;
(4) X is ultranormal or X ×X is normal.
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Proof. The implication (1) ⇒ (2) is trivial, (2) ⇒ (3) follows from Theorem 1.14 and (3) ⇒
(1) follows Theorem 1.13 and Proposition 1.12. The equivalence (3) ⇔ (4) follows from
Theorem 1.8 and the cof-regularity of discrete balleans. 
Also we shall consider the construction of the G-symmetric power [X]nG, which is intermedi-
ate between the constructions Xn and [X]≤n of n-th power and hypersymmetric n-th power.
Given a subgroupG ⊂ Sn of the permutation group Sn of a natural number n := {0, . . . , n−1},
for every ballean X consider the quotient space [X]nG of X
n by the equivalence relation ∼G
defined by x ∼G y for x, y ∈ X
n iff y = x ◦ g for some permutation g ∈ G. For any x ∈ Xn
(which is a function x : n → X) by xG := {x ◦ g : g ∈ G} ∈ [X]nG we shall denote its
∼G-equivalence class. The set [X]
n
G := {xG : x ∈ X
n} is endowed with the ball structure
E[X]n
G
consisting of the entourages
Eˆ := {(xG, yG) : (x, y) ∈ E}
where E ∈ EXn . The ballean ([X]
n
G, E[X]nG) is called the G-symmetric n-th power of X. If the
group G is trivial, then [X]nG = X
n. So, the construction of a G-symmetric n-th power [X]nG
generalizes the construction of the n-th power Xn of a ballean X. The ballean [X]nSn will be
denoted by [X]n and called the symmetric n-th power of X. For n = 2 the symmetric square
[X]2 can be identified with the hypersymmetric square [X]≤2 of X.
It is easy to see that the cardinal characteristics cof(EX), add(EX), cof(BX) and add(BX)
of a ballean X coincide with the corresponding cardinal characteristics of its G-symmetric
powers [X]nG. So, we can apply Corollary 1.3 and obtain the following proposition.
Proposition 1.16. If a ballean X has cof(EX) ≤ add(BX), then for every n ∈ N and every
subgroup G ⊂ Sn the ballean [X]
n
G is normal.
The interplay between the normality of G-symmetric powers for various groups G ⊂ Sn is
described in the following theorem, proved in Section 9.
Theorem 1.17. Let n ∈ N and G ⊂ H be two subgroups of the symmetric group Sn. If for
a ballean X the ballean [X]nG is normal, then the ballean [X]
n
H is normal, too.
In Section 10 we shall prove the following necessary conditions of the normality of G-
symmetric powers.
Theorem 1.18. Let n ≥ 2, G ⊂ Sn be a subgroup, and X be a ballean. If the ballean [X]
n
G
is normal (and n ≥ 3), then the ballean X has bounded growth (and the bornology BX of X
has a linearly ordered base).
The above results imply the following characterization of the normality of various functorial
constructions over balleans.
Theorem 1.19. For a cof-regular ballean X the following conditions are equivalent:
(1) for every n ≥ 1 and every subgroup G ⊂ Sn the ballean [X]
n
G is normal;
(2) for some n ≥ 3 and some subgroup G ⊂ Sn the ballean [X]
n
G is normal;
(3) for every n ≥ 1 the ballean Xn is normal;
(4) for some n ≥ 2 the ballean Xn is normal;
(5) the bornology BX of X has a linearly ordered base;
If the ballean X is not ultranormal, then the conditions (1)–(5) are equivalent to:
(6) for some n ≥ 2 and some subgroup G ⊂ Sn the ballean [X]
n
G is normal;
(7) the symmetric square [X]2 of X is normal;
(8) the hypersymmetric square [X]≤2 of X is normal;
(9) for some n ≥ 2 the ballean [X]≤n is normal;
(10) for every n ≥ 1 the ballean [X]≤n is normal;
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(11) the hyperballean [X]B of X is normal.
Proof. The implications (2) ⇐ (1) ⇒ (3) ⇒ (4) are trivial and (2) ⇒ (5) ⇐ (4) follow from
Theorems 1.18 and 1.8. The implications (5) ⇒ (1, 11) follows from the cof-regularity of
X and Propositions 1.12, 1.16. The implications (1) ⇒ (6, 7) are trivial. The implications
(11) ⇒ (10) ⇒ (9) ⇒ (8) trivially follow from the inclusions [X]2 = [X]≤2 ⊂ [X]≤n ⊂
[X]B and the preservation of the normality by taking subballeans. The condition (6) implies
(2) ∨ (4) ∨ (7).
If the ballean X is not ultranormal, then (8)⇒ (5) by Theorem 1.14(2). 
Finally we present a simple example of an ultranormal ballean X for which the conditions
(1)–(11) of Theorem 1.19 do not hold.
Example 1.20. Let X be an infinite set and SX be the group of permutations of X. Endow
X with the ball structure EX consisting of the entourages
EF :=
{
(x, y) ∈ X ×X : y ∈ {x} ∪ {f(x)}f∈F
}
where F runs over finite subsets of the symmetric group SX . The ballean (X, EX ) is ultranor-
mal but is not cof-regular and fails to have bounded growth. Consequently, for every n ≥ 2
and every subgroup G ⊂ SX the balleans X
n, [X]nG and [X]
≤n are not normal.
Proof. The definition of the ball structure EX implies that the bornology BX of X consists of
finite subsets of X. Consequently, add(EX) = add(BX) = ω ≤ cof(BX) = |X|. On the other
hand, a simple diagonal argument shows that cof(EX) > |X| and the ballean (X, EX ) fails to
have bounded growth. Since cof(EX) > cof(BX), the ballean (X, EX) is not cof-regular. By
Theorems 1.18 and 1.14(1), for every n ≥ 2 and every subgroup G ⊂ SX the balleans X
n,
[X]nG and [X]
≤n are not normal. 
The ballean constructed in Example 1.20 is a partial case of finitary balleans on G-spaces,
which are studied in Section 11. In its turn, finitary balleans are partial cases of balleans
generated by group ideals. An ideal I of subsets of a group G is called a group ideal if for
any sets A,B ∈ I the set AB−1 belongs to I. Each group ideal I on a group G induces a
bornoregular ball structure ~I on G, consisting of the entourages EI := {(x, y) ∈ G×G : y ∈
{x} ∪ Ix} where I ∈ I. It is easy to see that the bornology of the ballean (G, ~I) coincides
with the ideal I.
For a group G and an infinite cardinal κ ≤ |G| by [G]<κ we denote the group ideal consisting
of subsets of cardinality < κ in G.
For Abelian groups and the cardinal κ = ω the following theorem was proved by Protasov
in [15].
Theorem 1.21. For any group G and any infinite cardinal κ < |G| the ballean (G, E[G]<κ) is
not normal.
This theorem will be proved in Section 12. It implies the following characterization, which
will be proved in Section 13.
Theorem 1.22. For a group G and an infinite cardinal κ ≤ |G| the following conditions are
equivalent:
(1) the ball structure E[G]<κ has a linearly ordered base;
(2) the bornology [G]<κ of the ballean (G, E[G]<κ) has a linearly ordered base;
(3) the ballean (G, E[G]<κ) has bounded growth;
(4) |G| = κ and κ is a regular cardinal.
If the cardinal κ is regular or the group G is solvable, then the conditions (1)–(4) are equivalent
to the condition
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(5) the ballean (G, E[G]<κ) is normal.
In Section 14 we pose some open problems related to the normality of balleans.
2. Preservation of normality by maps between balleans
In this section we prove some results on preservation of the normality by maps.
We say that a function f : X → Y between balleans (X, EX ) and (Y, EY ) is
• macro-uniform if for any EX ∈ EX there exists EY ∈ EY such that f(EX [x]) ⊂
EY [f(x)] for any x ∈ X;
• open if for every EY ∈ EX there exists EX ∈ EX such that f(EX [x]) ⊃ EY [f(x)]) for
any x ∈ X;
• closed if for any asymptotically disjoint sets A,B ⊂ X with A = f−1(f(A)) the sets
f(A) and f(B) are asymptotically disjoint in Y ;
• an asymorphism if f is bijective and the functions f and f−1 are macro-uniform;
• an asymorphic embedding if f is an asymorphism of X onto the subballean f(X) of
(Y, EY );
• bornologous if for any bounded set B ⊂ X the image f(B) is bounded in Y ;
• proper if for any bounded set B ⊂ Y its preimage f−1(B) is bounded in X;
• perfect if f is macro-uniform, closed and proper;
• an asymptotic immersion if f is a proper macro-uniform map such that for any asymp-
totically disjoint sets A,B in (X, EX ) their images f(A) and f(B) are asymptotically
disjoint in (Y, EY ).
It is clear that each asymorphic embedding is an asymptotic immersion and each asymor-
phic immersion is a perfect map. An example of an asymptotic immersion which is not an
asymptotic embedding will be presented in Example 6.5.
Proposition 2.1. A ballean X is normal if it admits an asymptotic immersion to a normal
ballean Y .
Proof. Given two asymptotically disjoint sets A,B ⊂ X, consider their images f(A) and f(B)
in Y . Since f is a asymptotic immersion, the sets f(A), f(B) are asymptotically disjoint in
Y and by the normality of Y have disjoint asymptotic neighborhoods Of(A) and Of(B). Then
the sets OA := f
−1(Of(A)) and OB := f
−1(Of(B)) are disjoint. It remains to prove that OA
and OB are asymptotic neighborhoods of the sets A,B, respectively.
Given any EX ∈ EX , find EY ∈ EY such that f(EX [x]) ⊂ EY [f(x)] for any x ∈ X. Since
Of(A) is an asymptotic neighborhood of f(A) in the ballean Y , there exists a bounded set
BY ⊂ Y such that EY [f(A) \ BY ] ⊂ Of(A). Since the function f is proper, the preimage
BX := f
−1(BY ) is a bounded set in X. Then for every x ∈ X \ BX we get f(x) ∈ Y \ BY
and hence f(EX [x]) ⊂ EY [f(x)] ⊂ EY [Y \ BY ] ⊂ Of(A), which implies that EX [X \ BX ] ⊂
f−1(Of(A)) = OA. This means that OA is an asymptotic neighborhood of A. By analogy we
can prove that OB is an asymptotic neighborhood of the set B in X. 
Proposition 2.1 implies the following corollary first proved in [15, Proposition 1.2].
Corollary 2.2. Any subballean of a normal ballean is normal.
It is known [10, 3.7.20] that perfect images of normal topological spaces are normal. A
similar result exists also in Asymptology.
Proposition 2.3. A ballean Y is normal if Y is the image of a normal ballean X under a
surjective perfect map f : X → Y .
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Proof. Assume that f : X → Y is a surjective perfect map defined on a normal ballean X. To
show that the ballean Y is normal, fix any two asymptotically disjoint sets A,B ⊂ X. Taking
into account that f is proper and macro-uniform, we can show that the preimages f−1(A)
and f−1(B) are asymptotically disjoint sets in X. By the normality of X the sets f−1(A)
and f−1(B) has disjoint asymptotic neighborhoods Of−1(A) and Of−1(B), respectively.
It follows that the sets f−1(A) and X \Of−1(A) are asymptotically disjoint in X. Since the
map f is closed, the sets f(f−1(A)) = A and f(X \ Of−1(A)) are asymptotically disjoint in
Y and hence OA = Y \ f(X \Of−1(A)) is an asymptotic neighborhood of A in Y . It is clear
that f−1(OA) ⊂ Of−1(A).
By the same reason, the set OB := U \ f(X \Of−1(B)) is an asymptotic neighborhood of B
with f−1(OB) ⊂ Of−1(B). Since the sets Of−1(A) and Of−1(B) are disjoint, so are the sets OA,
OB . Therefore, the asymptotically disjoint sets A,B have disjoint asymptotic neighborhoods
OA and OB , which means that the ballean Y in normal. 
Lemma 2.4. For a map f : X → Y and two entourages EX ∈ EX and EY ∈ EY the following
conditions are equivalent:
(1) f(E−1X [x]) ⊃ E
−1
Y [f(x)] for all x ∈ X;
(2) f−1(EY [y]) ⊂ EX [f
−1(y)] for all y ∈ Y .
Proof. (1) ⇒ (2) Assume that f(E−1X [x]) ⊃ E
−1
Y [f(x)] for all x ∈ X. Given any y ∈ Y and
x ∈ f−1(EY [y]), we conclude that f(x) ∈ EY [y] and hence y ∈ E
−1
Y [f(x)] ⊂ f(E
−1
X [x]). Then
y = f(x′) for some x′ ∈ E−1X [x] and hence x ∈ EX [x
′] ⊂ EX [f
−1(y)].
(2) ⇒ (1) Assume that f−1(EY [y]) ⊂ EX [f−1(y)] for all y ∈ Y . Given any x ∈ X and
y ∈ E−1Y [f(x)], we conclude that f(x) ∈ EY [y] and hence x ∈ f
−1(EY [y]) ⊂ EX [f
−1(y)].
Then f−1(y) ∩ E−1X [x] 6= ∅ and y ∈ f(E
−1
X [x]). 
Let X,Y be sets. We say that a map s : Y → X is a section of a map f : X → Y if
f ◦ s(y) = y for every y ∈ Y . In this case the map f is surjective.
Proposition 2.5. A ballean Y is normal if Y is the image of a normal ballean X under an
open macro-uniform map f : X → Y that admits a bornologous section s : Y → X.
Proof. Assume that f : X → Y is a surjective open macro-uniform map defined on a normal
ballean X, and let s : Y → X be a bornologous section of f . To show that the ballean Y is
normal, fix any asymptotically disjoint sets A,B ⊂ X. Put A′ := s(A) and B′ := f−1(B).
We claim that the sets A′, B′ are asymptotically disjoint in X. It suffices to prove that for
any entourage EX ∈ EX the intersection A
′ ∩ EX [B
′] is bounded in X. Since the map f is
macro-uniform, there exists an entourage EY ∈ EY such that f(EX [x]) ⊂ EY [f(x)] for any
x ∈ X. Since the sets A,B are asymptotically disjoint, the intersection A∩EY [B] is bounded
and so is the set s(A∩EY [B]). We claim that A
′ ∩EX [B
′] ⊂ s(A∩EY [B]). Given any point
a ∈ A′ ∩ EX [B
′], find a point b ∈ B′ with a ∈ EX [b] and conclude that
f(a) ∈ f(A′) ∩ f(EX [b]) ⊂ A ∩ EY [f(b)] ⊂ A ∩EY [B]
and hence a ∈ s(A ∩ EY [B]).
By the normality of X, the asymptotically disjoint sets A′ and B′ have disjoint asymptotic
neighborhoods OA′ and OB′ , respectively. It is easy to see that the sets OA := f(OA′) and
OB := Y \ f(X \ OA′) are disjoint. It remains to show that OA and OB are asymptotic
neighborhoods of the sets A and B, respectively.
Given any entourage EY ∈ EY use the openness of the map f to find an entourage EX ∈ EX
such that f(EX [x]) ⊃ EY [f(x)] and f(E
−1
X [x]) ⊃ E
−1
Y [f(x)] for every x ∈ X. By Lemma 2.4,
f−1(EY [y]) ⊂ EX [f
−1(y)] for all y ∈ Y .
10 TARAS BANAKH AND IGOR PROTASOV
Since OA′ is an asymptotic neighborhood of A
′, the set D = {a ∈ A′ : EX [a] 6⊂ OA′}
is bounded in X. Then the set f(D) is bounded in Y and for every a ∈ A \ f(D) we have
s(a) ∈ A′ \D and hence EX [s(a)] ⊂ OA′ , which implies EY [a] = EY [f(s(a))] ⊂ f(EX [s(a)]) ⊂
f(OA′) = OA.
Since OB′ is an asymptotic neighborhood of B
′ = f−1(B), the set D′ = {b ∈ B′ : EX [b] 6⊂
OB′} is bounded in X and the set f(D
′) is bounded in Y . We claim that EY [b] ⊂ OB for
every point b ∈ B \ f(D′). Taking into account that f−1(b) ⊂ B′ \ D′, we conclude that
EX [f
−1(b)] ⊂ OB′ and hence f
−1(EY [b]) ⊂ EX [f
−1(b)] ⊂ OB′ which implies EY [b] ⊂ OB , by
the definition of the set OB . This means that OB is an asymptotic neighborhood of B, and
the ballean Y is normal. 
3. Balleans of bounded growth
In this section we study balleans of bounded growth and prove Theorem 1.6. More precisely,
this theorem follows from Corollary 3.3 and Lemmas 3.5, 3.6.
We recall that a ballean X has bounded growth if there exists a set E ⊂ X ×X containing
∆X (and called a growth entourage of X) such that for any bounded set B ⊂ X the set G[B]
is bounded and for any entourage E ∈ EX there exists a bounded subset B ⊂ X such that
E[x] ⊂ G[x] for all x ∈ X \B.
For a ballean (X, EX ) denote by ⇑BX the family of all subsets G ⊂ X × X such that
∆X ⊂ G and for any bounded set B ⊂ X the sets G[B] and G
−1[B] are bounded in (X, EX).
Observe that ⇑BX is a coarse structure of X, containing the ball structure EX . The coarse
structure ⇑BX is called the universal coarse structure of the bornology BX .
Let cof∗(EX ,⇑BX) be the smallest cardinality |U| of a subfamily U ⊂ ⇑BX such that for
every E ⊂ EX there exists U ∈ U such that E \ U is bounded in X ×X.
Proposition 3.1. A ballean X has bounded growth if and only if cof∗(EX ,⇑BX) = 1.
Proof. The “if” part follows from the definitions. To prove the “only if” part, assume that
G is growth entourage for the ballean (X, EX ). Since G[B] ∈ BX for all B ∈ BX , the
entourage S = G ∩ G−1 belongs to the universal coarse structure ⇑BX of the bornology BX .
By the choice of G, for any entourage E ∈ EX there exists a bounded set B ⊂ X such that
E[x] ∪ E−1[x] ⊂ G[x] for all x ∈ X \ B. Then the complement E \ S is contained in the
bounded set E−1[B]× E◦E−1[B] and hence cof∗(EX ,⇑BX) ≤ |{S}| = 1. 
Let us observe that the bounded growth of balleans nicely interacts with proper macro-
uniform maps.
Proposition 3.2. A ballean X has bounded growth if X admits a proper macro-uniform map
f : X → Y to a ballean Y of bounded growth.
Proof. Assume that Y has bounded growth and let GY be a growth entourage for Y . It is
easy to check that the entourage GX := {(x, y) ∈ X × X : (f(x), f(y)) ∈ GY } is a growth
entourage for the ballean (X, EX). 
Proposition 3.2 implies that the bounded growth is preserved by taking subballeans.
Corollary 3.3. If a ballean X has bounded growth, then each subballean of X has bounded
growth, too.
Proposition 3.4. A ballean X has bounded growth if its coarse structure has a linearly
ordered base.
Proof. Assume that the coarse structure ↓EX of a ballean X has a linearly ordered base.
Then add(↓EX) = cof(↓EY ) = κ is a regular cardinal and we can choose a well-ordered base
{Eα}α∈κ ⊂ ↓EX of the coarse structure ↓EX such that
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• E0 = ∅;
• Eα =
⋃
β<αEβ for any limit ordinal α ∈ κ, and
• Eα ⊂ Eα+1 for any ordinal α ∈ κ.
Fix any point x0 ∈ X and consider the entourage
G :=
⋃
α∈κ
(Eα+1[x0] \ Eα[x0])× Eα[x0].
It is easy to check that G is a growth entourage for the ballean X. 
Lemma 3.5. The product X × Y of two balleans has bounded growth if the balleans X,Y
have bounded growth and the bornology BX×Y has a linearly ordered base.
Proof. Assume that the balleansX,Y have bounded growth and the bornology BX×Y ofX×Y
has a linearly ordered base. Then for the regular cardinal κ = add(BX×Y ) = cof(BX×Y ) we
can choose a well-ordered base {Bα}α∈κ of the bornology BX×Y .
For every α ∈ κ denote by Cα and Dα the projection of the bounded set Bα on X and Y ,
respectively. Then (Cα ×Dα)α∈κ is a well-ordered base of the bornology BX×Y and we can
assume that Bα = Cα × Dα. Also we can assume that B0 = ∅ and Bα =
⋃
β<αBβ for all
limit ordinals α < κ.
Let GX and GY be growth entourages of the ballean X and Y , respectively.
We claim that the entourage
G :=
⋃
α<κ
(Bα+1 \Bα)× (GX [Cα+1]×GY [Dα+1])
witnesses that the ballean X × Y has bounded growth. Given a bounded subset B ⊂ X × Y
we can find an ordinal α ∈ κ with B ⊂ Bα+1 and conclude that the set G[B] ⊂ G[Bα+1] =
GX [Cα+1]×GY [Dα+1] is bounded in X × Y .
Next, given any entourage E ∈ EX×Y , find entourages EX ∈ EX and EY ∈ EY such
that E[(x, y)] = EX [x] × EY [y] for any (x, y) ∈ X × Y . For the entourages EX and EY
find bounded sets BX ∈ BX and BY ∈ BY such that EX [x] ⊂ GX [x] and EY [y] ⊂ GY [y]
for any points x ∈ X \ BX and y ∈ Y \ BY . Finally choose an ordinal α ∈ κ such that
EX [BX ]×EY [BY ] ⊂ Bα = Cα×Dα. Then EX [x] ⊂ GX [x]∪Cα and EY [y] ⊂ GY [y]∪Dα for
all x ∈ X and y ∈ Y .
We claim that E[(x, y)] ⊂ G[(x, y)] for any (x, y) ∈ (X × Y ) \ Bα. Given any such pair
(x, y), choose a unique ordinal β ∈ κ such that (x, y) ∈ Bβ+1 \ Bβ and observe that β ≥ α.
Then
E[(x, y)] = EX [x]× EY [y] ⊂ (GX [x] ∪ Cα)× (GY [y] ∪Dα) ⊂
⊂ (GX [Cβ+1] ∪ Cα)× (GY [Dβ+1] ∪Dα) = GX [Cβ+1]×GY [Dβ+1] = G[(x, y)].

Lemma 3.6. If the product X × Y of two unbounded balleans has bounded growth, then its
bornology BX×Y has a linearly ordered base.
Proof. Let G be a growth entourage for the ballean X × Y . We lose no generality assuming
that add(BX) ≤ add(BY ). In this case we shall show that cof(BY ) ≤ add(BX).
By the definition of the cardinal κ := add(BX), there exists a transfinite sequence (Bα)α∈κ
of bounded sets in X whose union
⋃
α∈κBα is not bounded in X. Fix any point y0 ∈ Y and
for every α ∈ κ consider the projection Dα of the bounded set G[Bα × {y0}] onto Y . We
claim that the family {Dα}α∈κ is cofinal in BY . Indeed, given any bounded set B ⊂ Y , find
an entourage EY ∈ EY such that B ⊂ EY [y0]. Take any entourage EX ∈ EX and consider the
entourage E ∈ EX×Y such that E[(x, y)] = EX [x]×EY [y] for all (x, y) ∈ X × Y . Since G is a
growth entourage for X×Y , for the entourage E there exists a bounded set D ⊂ X×Y such
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that E[(x, y)] ⊂ G[(x, y)] for all (x, y) ∈ (X×Y )\D. Since the union
⋃
α∈κBα is not bounded
in X, there exists α ∈ κ such that Bα × {y0} 6⊂ D. Choose any x ∈ Bα with (x, y0) /∈ D and
observe that {x}×B ⊂ {x}×EY [y0] ⊂ E[(x, y0)] ⊂ G[(x, y0)] ⊂ G[Bα×{y0}] ⊂ X×Dα and
hence B ⊂ Dα. This completes the proof of the inequality cof(BY ) ≤ add(BX).
Then add(BY ) ≤ cof(BY ) ≤ add(BX) ≤ add(BY ) and hence add(BY ) = cof(BY ) =
add(BX). Since add(BX) ≤ add(BY ), we can repeat the above argument and prove that
cof(BX) ≤ add(BY ), which implies that add(BY ) = cof(BY ) = add(BX) = cof(BX) = κ for
some regular cardinal κ.
It follows that the bornologies BX and BY have well-ordered bases {Cα}α∈κ ⊂ BX and
{Dα}α∈κ ⊂ BY . Then {Cα × Dα}α∈κ is a well-ordered base for the bornology BX×Y of the
ballean X × Y . 
Proposition 3.7. If an unbounded ballean (X, EX ) has bounded growth, then it contains a
discrete subballean.
Proof. Let G be a growth entourage for the ballean (X,BX). Let S be the family of subsets
S ⊂ X endowed with a well-order <S such that x /∈
⋃
y<Sx
G[y] for any x ∈ S. The family
S is endowed with the partial order ≤ defined by (S,<S) ≤ (W,<W ) iff (S,<S) is an initial
interval of (W,<W ). It is easy to see that each chain in S is upper bounded. So, by the
Kuratowski–Zorn Lemma, the poset S has a maximal element (M,<M ).
We claim that M is a discrete subballean of X. First we show that M is unbounded.
Assuming that M is bounded, we can choose a point y ∈ X \
⋃
x∈M G[x] and consider the
set S := M ∪ {y} endowed with the well-order <S such that <M⊂<S and x <S y for all
x ∈ M . It follows that the well-ordered set (S,<S) belongs to S and is strictly larger than
(M,<M ), which contradicts the maximality of M . This contradiction shows that the set M
is unbounded. Next, we show that M is discrete. By the definition of growth entourage G,
for any entourage E ∈ EX there exists a bounded set B ⊂ X such that E
−1◦E[x] ⊂ G[x] for
any x ∈ X \B. We claim that E[x]∩E[y] = ∅ for any distinct points x, y ∈M \B. Without
loss of generality, x <M y and hence y /∈ G[x]. Since E
−1◦E[x] ⊂ G[x], we conclude that
y /∈ E−1◦E[x] and hence E[y] ∩ E[x] = ∅. 
4. A characterization of normality and proof of Theorem 1.2
In this section we prove Theorem 1.2, but start with the following characterization of
normality.
Proposition 4.1. A ballean (X, EX) is normal if and only if any asymptotically disjoint sets
A,B ⊂ X have asymptotically disjoint asymptotic neighborhoods OA, OB.
Proof. The “if” part trivially follows from the observation that for any asymptotically disjoint
asymptotic neighborhoods OA, OB of sets A,B in X the sets UA := OA and UB := OB \OA
are disjoint asymptotic neighborhoods of A and B, respectively.
To prove the “only if” part, assume that the ballean X is normal. Fix any asymptotically
disjoint sets A,B ⊂ X and find disjoint asymptotic neighborhoods OA and OB of A and B,
respectively. Since the sets A andX\OA are asymptotically disjoint, we can use the normality
of X once more and find two disjoint sets UA, UB such that UA is an asymptotic neighborhood
of A and UB is an asymptotic neighborhood of X \ OA. We claim that the sets UA and OB
are asymptotically disjoint. Since UB is an asymptotic neighborhood of X \ OA, for any
entourage E ∈ EX there exists a bounded set D ⊂ X such that E
−1 ◦ E[x] ⊂ UB for any
x ∈ (X \OA) \D. We claim that E[UA] ∩E[OB ] ⊂ E[D]. To derive a contradiction, assume
that some point x ∈ E[UA] ∩ E[OB ] does not belong to E[D]. Choose points a ∈ UA and
b ∈ OB with x ∈ E[a] ∩ E[b]. It follows from x /∈ E[D] that b /∈ D. Taking into account that
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b ∈ OB ⊂ X\OA, we conlcude that that E
−1◦E[b] ⊂ UB . Then a ∈ E
−1[x] ⊂ E−1◦E[b] ⊂ UB ,
which is not possible as a ∈ UA ⊂ X \ UB . 
Now we present a proof of Theorem 1.2. Assume that a ballean X has cof⋆(EX) ≤ add(BX).
To prove that the ballean (X, EX) is normal, fix any two asymptotically disjoint sets A,B ⊂
X. By the definition of the cardinal κ = cof⋆(EX), for the sets A,B there exists a subfamily
{Eα}α∈κ ⊂ EX such that for any E ∈ EX there are ordinals α, β ∈ κ such that the sets
E[A] \ Eα[A] and E[B] \Eβ [B] are bounded in (X, EX ).
It is clear that the sets
OA =
⋃
α∈κ
(
Eα[A] \
⋃
β≤α
Eβ [B]
)
and OB =
⋃
β∈κ
(
Eβ[B] \
⋃
α≤β
Eα[A]
)
are disjoint. We claim that OA and OB are asymptotic neighborhoods of the sets A and
B, repectively. Given any entourage E ∈ EX , find α ∈ κ such that the set E[A] \ Eα[A]
is bounded. Since α < κ ≤ add(BX) the union U =
⋃
β≤α(Eα[A] ∩ Eβ[B]) belongs to the
bornology BX . It is easy to check that E[A] \ OA ⊂ (E[A] \ Eα[A]) ∪ U . So E[A] \ OA is a
bounded set and OA is an asymptotic neighborhood of A in the ballean X.
By analogy we can prove that the set OB is an asymptotic neighborhood of B. Therefore,
the asymptotically disjoint sets A,B have disjoint asymptotic neighborhoods and the ballean
X is normal.
5. Proof of Theorem 1.4
Theorem 1.4 follows from Lemmas 5.1–5.3, proved in this section.
Lemma 5.1. If the product X × Y of two balleans is normal, then there exist functions
ϕ : BX → BY and ψ : BY → BX such that for any sets A ∈ BX , B ∈ BY either A ⊂ ψ(B) or
B ⊂ ϕ(A).
Proof. Fix any point (x0, y0) ∈ X × Y and consider the subsets V := {x0} × Y and H :=
X × {y0} of the product. By definition of the ball structure of X × Y , for every entourage
E ∈ EX×Y there exist entourages E1 ∈ EX and E2 ∈ EY such that E[(x, y)] = E1[x] × E2[y]
for any x, y ∈ X. Then E[V ] = E1[x0] × Y and E[H] = X × E2[y0], which implies that the
intersection E[V ] ∩ E[H] = E1[x0] × E2[y0] is a bounded subset of X × Y . This means that
the sets V,H are asymptotically disjoint. By the normality of X ×Y , these sets have disjoint
asymptotic neighborhoods OV , OH ⊂ X × Y .
Since OV is an asymptotic neighborhood of V , there exists a function f : EX → BY
assigning to each entourage E1 ∈ EX a bounded set f(E1) ⊂ Y such that E1[x0]× {y} ⊂ OV
for all y /∈ f(E1). By analogy, there exists a function g : EY → BX assigning to each entourage
E2 ∈ EY a bounded set g(E2) ⊂ X such that {x} × E2[y] ⊂ OH for every x /∈ g(E2).
For every bounded sets A ∈ BX and B ∈ BY choose entourages EA ∈ EX and EB ∈ EY
such that A ⊂ EA[x0] and B ⊂ EB [y0].
Finally, consider the functions
ϕ : BX → BY , ϕ : A 7→ f(EA), and ψ : BY → BX , ψ : B 7→ g(EB).
We claim that these functions have the required property. Indeed, for any A ∈ BX and
B ∈ BY we have(
A× (Y \ ϕ(A)) ∩ ((X \ ψ(B))×B
)
⊂
⊂
(
EA[x0]× (Y \ f(EA)
)
∩
(
(X \ g(EB))× EB[y0]
)
⊂ OV ∩OH = ∅
and hence A ∩ (X \ ψ(B)) = ∅ or (Y \ ϕ(A)) ∩ B = ∅, which is equivalent to A ⊂ ψ(B) or
B ⊂ ϕ(A). 
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Lemma 5.2. Assume that for two unbounded partially ordered sets P,Q there exist functions
ϕ : P → Q and ψ : Q→ P such that for any x ∈ X and y ∈ Y either x ≤ ψ(y) or y ≤ ϕ(x).
Then add(P ) = cof(P ) = cof(Q) = add(Q).
Proof. Without loss of generality, add(P ) ≤ add(Q). By the definition of the cardinal add(P ),
there exists an unbounded set {pα}α∈add(P ) in P of cardinality add(P ).
We claim the set {ϕ(pα)}α∈add(P ) is cofinal in Q. Given any q ∈ Q, consider the element
ψ(q) ∈ P and find α ∈ add(P ) such that pα 6≤ ψ(q). Then our assumption guarantees that
q ≤ ϕ(pα). Therefore, the set {ϕ(pα)}α∈add(P ) is cofinal in Q and hence cof(Q) ≤ add(P ).
It follows that add(Q) ≤ cof(Q) ≤ add(P ) ≤ add(Q) and hence add(Q) = add(P ) =
cof(Q) ≤ cof(P ). Taking into account that add(Q) ≤ add(P ), we can repeat the above
argument and prove that cof(P ) ≤ add(Q). Consequently, cof(P ) = add(P ) = add(Q) =
cof(Q). 
Lemma 5.3. If the product X×Y of two unbounded balleans X,Y is normal, then the balleans
X and Y have bounded growth.
Proof. By Lemmas 5.1 and 5.2, add(BX) = cof(BX) = add(BY ) = cof(BY ) = κ for some
infinite regular cardinal κ. This implies that the bornologies BX and BY have bases {Cα}α∈κ ⊂
BX and {Dα}α∈κ ⊂ BY such that
• C0 = ∅ and D0 = ∅;
• Cα ⊂ Cβ ⊂ X and Dα ⊂ Dβ ⊂ Y for any α < β < κ;
• Cα+1 6= Cα and Dα+1 6= Dα for every ordinal α ∈ κ;
• Cα =
⋃
β<α Cβ and Dα =
⋃
β<αDβ for any limit ordinal α < κ.
Fix any point x0 ∈ X and consider the sets A = {x0} × Y and
B :=
⋃
α<κ
(X \ Cα)× (Dα+1 \Dα)
in X × Y . We claim that these sets are asymptotically disjoint. Given any entourage E ∈
EX×Y , we need to check that the intersection E[A] ∩ E[B] is bounded. By definition of the
ball structure EX×Y there exist two entourages E1 ∈ EX and E2 ∈ EY such that E[(x, y)] =
E1[x]× E2[y] for any (x, y) ∈ X × Y .
Observe that the set E−11 [E1[x0]] ⊂ X is bounded and hence is contained in some bounded
set Cα, α < κ. We claim that E[A]∩E[B] ⊂ E[Cα×Dα]. Given any point (x, y) ∈ E[A]∩E[B],
find points a = (x0, a2) ∈ A and b = (b1, b2) ∈ B such that
(x, y) ∈ E[a] ∩ E[b] = (E1[x0]× E1[a2]) ∩ (E1[b1]× E2[b2]).
It follows from x ∈ E1[x0] ∩E1[b1] that b1 ∈ E
−1[E1[x0]] ⊂ Cα. Find a unique ordinal β < α
such that b2 ∈ Dβ+1 \Dβ. The definition of the set B guarantees that b1 ∈ X \Cβ and hence
x ∈ Cα \Cβ, which implies that β < α and (b1, b2) ∈ Cα×Dα. Finally, x ∈ E[b] ⊂ E[Cα×Dα]
and hence the set E[A] ∩ E[B] is bounded.
By the normality of the ballean X × Y , the asymptotically disjoint sets A and B have
disjoint asymptotic neighborhoods OA and OB . Then for every α ∈ κ we can find an ordinal
f(α) ∈ [α, κ) such that Cα+1 × (Y \ Df(α)) ⊂ OA. Since the cardinal κ is regular, we can
assume that the function f : κ→ κ is increasing.
We claim that the entourage
GY :=
⋃
α∈κ
(Dα+1 \Dα)×Df(α)
witnesses that the ballean Y has bounded growth.
Given any bounded set D ⊂ Y , find α ∈ κ such that D ⊂ Dα+1 and conclude that
GY [D] ⊂ GY [Dα+1] ⊂ Df(α), which means that the set GY [D] is bounded in Y .
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Next, given any entourage EY ∈ EY we can find an ordinal α ∈ κ such that {b1}×EY [b2] ⊂
OB for any point (b1, b2) ∈ B \ (Cα ×Dα). We claim that for any point y ∈ Y \Dα we have
EY [y] ⊂ GY [y]. Given any y ∈ Y \Dα, find a unique ordinal β ≥ α such that y ∈ Dα+1 \Dα
and choose any point x ∈ Cα+1\Cα. The definition of the set B guarantees that the pair (x, y)
belongs B and hence the set {x}×EY [y] ⊂ OB is disjoint with the asymptotic neighborhood
OA of A. Since {x} × (Y \ Df(α)) ⊂ OA, the sets EY [y] and Y \ Df(α) are disjoint, which
means that EY [y] ⊂ Df(α) = GY [y].
Therefore, GY is a growth entourage, witnessing that the ballean Y has bounded growth.
By analogy we can prove that the ballean X has bounded growth. 
6. Discrete and ultradiscrete balleans
Let us recall that a ballean X is discrete if for any entourage E ∈ EX there exists a bounded
set BE ⊂ X such that E[x] = {x} for all x ∈ X \BE .
Each discrete ballean (X, EX) has bounded growth as
cof∗(EX ,⇑BX) ≤ cof∗(EX) ≤ |{∆X}| = 1.
Since cof⋆(EX) = cof∗(EX) = 1 ≤ add(BX), discrete balleans are normal, according to Theo-
rem 1.2.
Proposition 6.1. For a discrete ballean X the following conditions are equivalent:
(1) the ballean X is ultranormal;
(2) the bornology BX of X is a maximal ideal on X;
(3) the family {X \B : B ∈ BX} is an ultrafilter on X.
Proof. The equivalence (2)⇔ (3) is trivial.
To prove that (1) ⇒ (2), assume that the bornology BX of X is not a maximal ideal on
X. Then there exists an unbounded set A ⊂ X such that A ∪ B 6= X for all B ∈ BX . In
particular, X \A /∈ BX , which means that A and X \A are two disjoint unbounded sets in X.
Since the ballean X is discrete, these disjoint sets are asymptotically disjoint in X. Therefore
the ballean X is not ultranormal.
To prove that (2) ⇒ (1), assume that the ballean X is not ultranormal. Then X contains
two asymptotically disjoint unbounded sets A,A′ ⊂ X. Then
I = {I ⊂ X : ∃B ∈ BX I ⊂ A ∪B} ⊃ BX
is an ideal of sets on X, witnessing that the bornology BX is not a maximal ideal on X. 
We recall that a ballean is ultradiscrete if it is discrete and ultranormal.
Proposition 6.2. For any ultradiscrete ballean (X, EX ) we have add(BX) < cof(BX).
Proof. Assuming that cof(BX) = add(BX), we conclude that the bornology BX has a well-
ordered base (Bα)α∈κ of cardinality κ = add(BX) = cof(BX). Replacing (Bα)α∈κ by a cofinal
subsequence, we can assume that for every α < κ the set Bα+1 \ Bα contains two distinct
points yα, zα. Then Y := {yα}α<κ and Z = {zα}α<κ are two disjoint unbounded sets in X.
Since the ballean X is discrete, the disjoint sets Y,Z are asymptotically disjoint, which is not
possible as (X, EX) is ultranormal. 
Proposition 6.3. For any ultradiscrete ballean (X, EX) its coarse structure ↓EX coincides
with the universal coarse structure ⇑BX of its bornology BX .
Proof. It is clear that ↓EX ⊂ ⇑BX . Assuming that ↓EX 6= ⇑BX , we can find an entourage
E = E−1 ∈ ⇑BX \ ↓EX . Since E /∈ ↓EX , the set B = {x ∈ X : {x} 6= E[x]} is unbounded.
Let C ⊂ B be a maximal set such that E[x] ∩ E[y] = ∅ for any distinct points x, y ∈ C. The
maximality of C in the unbounded set B implies that the set C is unbounded.
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By the definition of the set B ⊃ C there exists a function f : C → X such that f(x) ∈
E[x] \ {x} for all x ∈ C. The choice of C guarantees that the sets C and f(C) are disjoint.
Since BX is a maximal ideal (by Proposition 6.2), C /∈ BX implies that X \ C ⊃ f(C)
belongs to B and hence is bounded. Then C ⊂ E−1[f(C)] also is bounded, which is a desired
contradiction. 
Example 6.4. There exists a discrete ballean (X, EX ) which is not ultranormal but has
EX = ⇑BX .
Proof. Using the Kuratowski-Zorn Lemma, enlarge the ideal [X]≤ω of at most countable sets
on the ordinal X = ω1 to a maximal ideal I on X. Fix also any maximal ideal J on the
ordinal ω ⊂ ω1.
Consider the subideal BX = {B ∈ I : B ∩ ω ∈ J } of the ideal I and let EX be the discrete
coarse structure on X = ω1 generated by the base {(B × B) ∪∆X : B ∈ BX}. The discrete
coarse space (X, EX) is not ultradiscrete since its bornology BX is not a maximal ideal on X.
We claim that ⇑BX = EX . In the opposite case, we can fix an entourage E ∈ ⇑BX \ EX .
Replacing E by E ∪E−1 we can assume that E = E−1. For this entourage the set A = {x ∈
X : {x} 6= E[x]} does not belong to the bornology BX . Using the Kuratowski-Zorn’s Lemma,
choose a maximal subset A′ ⊂ A such that E[x] ∩ E[y] = ∅ for any distinct points x, y ∈ A′.
By the maximality, the set A′ is unbounded in (X, EX).
By the definition of the set A ⊃ A′, there exists a function f : A′ → X such that f(x) ∈
E[x] \ {x} for every x ∈ A′. The property of the set A′ implies that the function f is
injective and its image f(A′) is disjoint with A′. Since the set A′ ⊂ E−1[f(A′)] is unbounded,
the set f(A′) is unbounded too. Let M ⊂ A′ be a maximal subset such that the family
(E[f(x)])x∈M is disjoint. The maximality of M and unboundedness of f(A
′) imply that the
set f(M) ⊂ E[M ] is unbounded and so is the set M .
Since each of the families (E[x])x∈M and (E[f(x)])x∈M is disjoint, there exists a countable
subset M0 ⊂ M such that ω ∩ E[x] = ∅ = ω ∩ E[f(x)] for all x ∈ M \M0. Then M \M0
and f(M \M0) are two disjoint subsets of the set ω1 \ ω. Since I is a maximal ideal, either
M \M0 ∈ I or f(M \M0) ∈ I.
If M \M0 ∈ I then M \M0 ∈ BX (as ω ∩ (M \M0) = ∅ ∈ J ). If f(M \M0) ∈ I, then
f(M \M0) ∈ BX (as ω ∩ f(M \M0) = ∅ ∈ J ) and then M \M0 ⊂ E
−1[f(M \M0)] ∈ BX .
In both cases we conclude thatM\M0 ∈ BX and henceM0 /∈ BX and ω∩M0 /∈ J . It follows
from M0 ⊂ E
−1[f(M0)] that f(M0) /∈ BX . Taking into account that f(M0) ∈ [X]
≤ω ⊂ I, we
conclude that ω ∩ f(M0) /∈ J . So, ω ∩M0 and ω ∩ f(M0) are two disjoint subsets of ω that
do not belong to the ideal J , which contradicts the maximality of the ideal J . 
Finally, we present a simple example of a normal ballean which is not cof-regular.
Example 6.5. Let I be the ideal of sets A ⊂ ω such that limn→∞
|A∩[0,n)|
n
= 0. On the set
X := ω consider the ball structure EX := {EA,n : A ∈ I, n ∈ ω} consisting of entourages
EA,n := ∆X ∪ {(a, b) ∈ A× ω : |b− a| ≤ n} ⊂ X ×X.
It is easy to see that bounded sets in the ballean (X, EX ) are finite and hence add(EX) =
add(BX) = cof(BX) = ω. On the other hand, a simple diagonal argument shows that
cof(EX) > ω, which means that the ballean (X, EX ) is not cof-regular.
To see that the ballean (X, EX) is normal, consider the normal ball structure MX =
{{(x, y) ∈ ω × ω : |x − y| ≤ n} : n ∈ ω} induced by the Euclidean metric on X = ω. Now
the normality of the ballean (X, EX ) follows from Proposition 2.1 as the identity map from
(X, EX ) to (X,MX ) is an asymptotic immersion (but not an asymorphism).
7. Proof of Theorem 1.13
In the proof of Theorem 1.13 we shall use two lemmas.
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Lemma 7.1. Let X be a ballean. For any unbounded family A ⊂ [X]B \ [X]≤1 in [X]B there
exists an unbounded set V ⊂ X such that the family {A ∈ A : A ∩ V 6= A} is unbounded in
[X]B.
Proof. Since the family A is unbounded in [X]B, its union
⋃
A is unbounded in X. Fix
any well-order ≤ on the set A and consider the subfamily A˜ := {A ∈ A : A 6⊂
⋃
B<AB}.
The family A˜ can be written as A˜ = {Aα}α∈κ for some ordinal κ such that Aα 6⊂
⋃
β<αAβ
for all α ∈ κ. Since the union
⋃
α<κAα =
⋃
A in unbounded in X, the family {Aα}α<κ is
unbounded in [X]B.
By induction, for every α < κ we can choose a set Wα ⊂ Aα \
⋃
β<αAβ such that ∅ 6=⋃
β≤αWβ ∩Aα 6= Aα. The choice of Wα is possible as |Aα| ≥ 2.
Put W :=
⋃
α<κWα and observe that ∅ 6=W ∩Aα 6= Aα and (X \W )∩Aα 6= Aα for every
α < κ. Since X is unbounded, either W or X \W is unbounded. If W is unbounded, then
put V :=W . Otherwise, put V := X \W .
It follows that the family {A ∈ A : A ∩ V 6= A} contains the unbounded family {Aα}α<κ
and hence is unbounded in [X]B . 
Lemma 7.2. Let X be an ultradiscrete ballean and n ∈ N. For any unbounded family
A ⊂ [X]≤n there exists an unbounded set V ⊂ X such that the family {A ∈ A : |A ∩ V | ≤ 1}
is unbounded in [X]B.
Proof. If n = 1, then the unbounded set V = X has the required property. Assume that
the statement of the lemma has been proved for some n ∈ N. Take any unbounded family
A ⊂ [X]≤n+1. If A∩ [X]≤1 is unbounded, then the set V = X has the required property: the
family {A ∈ A : |A ∩ V | ≤ 1} ⊃ A ∩ [X]≤1 is unbounded.
So, we assume that the setA∩[X]≤1 is bounded and then the family A\[X]≤1 is unbounded.
By Lemma 7.1, there exists an unbounded set U ⊂ X such that the family AU := {A ∈
A \ [X]≤1 : A ∩ U 6= A} is unbounded in [X]B.
We claim that the family A′U := {A ∩ U : A ∈ AU} \ {∅} is unbounded in [X]
B. Assuming
that the family A′U is bounded, we conclude that its union
⋃
A′U is bounded in X. Since the
ballean X is ultradiscrete, the complement X \ U of the unbounded set U is bounded. Then
the set B = (
⋃
A′) ∪ (X \ U) is bounded in X and the family AU ⊂ {A ∈ [X]
B : A ⊂ B} in
bounded in [X]B, which is a contradiction. This contradiction shows that the family A′U is
unbounded in [X]B. Since A′U ⊂ [X]
≤n, we can apply the inductive assumption and find an
unbounded set V ⊂ X such that the family {A ∈ A′U : |A ∩ V | ≤ 1} is unbounded in [X]
B.
Since the ballean X is ultradiscrete, the intersection U ∩ V is unbounded. So we can replace
V by V ∩ U and assume that V ⊂ U . Then the family A′ = {A ∈ A : |A ∩ V | ≤ 1} has
unbounded union
⋃
A′ ⊃
⋃
A′U and hence is unbounded in [X]
B. 
Now we can present the proof of Theorem 1.13. Given an ultradiscrete ballean X, we
should prove that for every n ≥ 2 the power Xn is not normal but the hypersymmetric power
[X]≤n is normal.
Theorem 1.4 and Proposition 6.2 imply that the square X2 of X is not normal. Since X2
admits an asymorphic embedding into Xn, the ballean Xn is not normal, too.
To show that the hypersymmetric power [X]≤n of X is normal, fix any asymptotically
disjoint unbounded sets A1,A2 ⊂ [X]
≤n.
First we show that for some i ∈ {1, 2} the set Ai is escaping in the sense that for any
bounded set B ⊂ X the set {A ∈ Ai : B ∩A 6= ∅} is bounded in [X]
B.
To derive a contradiction, assume that none of the sets A1,A2 is escaping. In this case we
can find a bounded set B ⊂ X such that for every i ∈ {1, 2} the set A′i = {A ∈ Ai : A∩B 6= ∅}
is unbounded. By Lemma 7.2, there exists an unbounded set Vi ⊂ X such that the family
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A′′i = {A ∈ A
′
i : |A∩ Vi| ≤ 1} is unbounded in [X]
B. Since the ballean X is ultradiscrete, the
set V = V1 ∩ V2 \B is unbounded and the set X \ V ⊃ B is bounded in X.
Consider the entourage E = ∆X∪(X\V )
2 ∈ ↓EX . Since the sets A1, A2 are asymptotically
disjoint, the set Eˆ[A1] ∩ Eˆ[A2] is bounded in [X]
B and hence is contained in the family
{A ∈ [X]B : A ⊂ D} for some bounded set D ⊂ X that contains X \ V . Since the ballean
(X, EX ) is ultradiscrete, the unbounded sets
⋃
A′′1 \ D and
⋃
A′′2 \ D are not disjoint and
hence contain some common point x /∈ D, which belongs to some sets A1 ∈ A
′′
1 and A2 ∈ A
′′
2.
Fix any point b ∈ B. Since the sets A1 and A2 intersect the set B ⊂ X \ V , we obtain
{x, b} ∈ E[A1] ∩ E[A2].
Taking into account that X \ V ⊂ D, we conclude that x ∈ V . Since x ∈ Ai ∩ V and
|Ai∩V | ≤ |Ai∩Vi| ≤ 1, we have Ai ⊂ {x}∪ (X \V ) = E[{x, b}]. Then {x, b} ∈ Eˆ[A1]∩ Eˆ[A2]
and hence {x, b} ⊂ D, which contradicts the choice of the point x. This contradiction shows
that one of the sets A1 or A2 is escaping.
We lose no generality assuming that the set A1 is escaping. In this case we shall prove
that the sets U1 := A1 and U2 := [X]
≤n \ A1 are asymptotic neighborhoods of the sets A1
and A2 in [X]
≤n, respectively. To see that Ui is an asymptotic neighborhood of Ai, take any
entourage E ∈ EX and find a bounded set B ⊂ X such that E[x] = E
−1[x] = {x} for all
x ∈ X \B.
Since A1 is escaping, the set D := {A ∈ A1 : A ∩ B 6= ∅} is bounded in [X]
≤n. It follows
that for every A ∈ A1 \ D we get A∩B = ∅ and hence Eˆ[A] = {A} ⊂ A1 = U1, which means
that U1 is an asymptotic neighborhood of A1 in [X]
≤n.
Since the sets A1,A2 are asymptotically disjoint, the set Eˆ[A1]∩ Eˆ[A2] is bounded. So, we
can find a bounded set D ⊂ X such that Eˆ[A1]∩ Eˆ[A2] ⊂ {A ∈ [X]
≤n : A ⊂ D} and B ⊂ D.
We claim that for any A ∈ A2 with A 6⊂ D, we get Eˆ[A] ⊂ U2. Otherwise, we could find a
set A′ ∈ Eˆ[A] ∩ A1 ⊂ Eˆ[A2] ∩ Eˆ[A1] and hence A
′ ⊂ D and A ∈ E[A′] ⊂ B ∪A′ ⊂ D, which
contradicts the choice of A. This contradiction shows that U2 is an asymptotic neighborhood
of A2.
8. Proof of Theorem 1.14
The proof of Theorem 1.14 is divided into two lemmas.
Lemma 8.1. If for a ballean X the hypersymmetric square [X]≤2 is normal, then either X
is ultranormal or the bornology BX of X has a linear base.
Proof. Assume that a ballean X is not ultranormal but its symmetric square [X]≤2 is normal.
Since X is not ultranormal, there exist two (asymptotically) disjoint unbounded sets A,B ⊂
X. By Theorem 2.1 in [15], there exists a function ϕ : X → [0, 1] such that ϕ(A) = {0},
ϕ(B) = {1} and ϕ is slowly oscillating in the sense that for any ε > 0 and E ∈ EX there
exists a bounded set B ∈ BX such that diamϕ(E[x]) < ε for all x ∈ X \B.
Two cases are possible.
1. For some non-empty open set U ⊂ [0, 1] the preimage ϕ−1(U) is bounded in X. In this
case we can fix two real numbers a < b in the interval (0, 1) such that [a, b] ⊂ U and conclude
that Y := ϕ−1([0, a]) and Z := ϕ−1([b, 1]) are two asymptotically disjoint unbounded sets
whose union Y ∪ Z has bounded complement X \ (Y ∪ Z).
The asymptotical disjointness of the sets Y and Z implies that the map
Y × Z → [X]≤2, (y, z) 7→ {y, z},
is an asymorphic embedding. By Proposition 2.1, the normality of [X]≤2 implies the normality
of the ballean Y × Z. By Theorem 1.4, add(BY ) = cof(BY ) = add(BZ) = cof(BZ). Taking
into account that the complement X \ (Y ∪ Z) is bounded, we conclude that
add(BX) = min{add(BY ), add(BZ)} = max{cof(BY ), cof(BZ)} = cof(BX),
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which implies that the bornology BX has a linear base.
2. For any non-empty open set U ⊂ [0, 1] the preimage ϕ−1(U) is unbounded in X. For
every i ∈ {1, 2, 3, 4} consider the unbounded set Xi = ϕ
−1([ i−14 ,
i
4 ]) in X and observe that
for any numbers i, j ∈ {1, 2, 3, 4} with |i − j| ≥ 2 the sets Xi and Xj are asymptotically
disjoint. This fact can be used to show that the map Xi×Xj → [X]
≤2, (x, y) 7→ {x, y}, is an
asymorphic embedding. By Proposition 2.1, the normality of [X]≤2 implies the normality of
the ballean Xi ×Xj . By Theorem 1.4,
add(BXi) = cof(BXi) = add(BXj ) = cof(BXj ).
Consequently, there exists a cardinal κ such that κ = add(BXi) = cof(BXi) for all i ∈
{1, 2, 3, 4}. Taking into account that X =
⋃4
i=1Xi, we conclude that
add(BX) = min
1≤i≤4
add(BXi) = κ = max
1≤i≤4
cof(BXi) = cof(BX),
which implies that the bornology BX has a linear base. 
Lemma 8.2. Assume that for a ballean (X, EX) the symmetric square [X]
≤2 is normal. Then
(1) for every x0 ∈ X there exists a monotone function f : EX → BX such that
E2[E1[x0] \ f(E2)] ⊂ f(E1) for any entourages E1, E2 ∈ EX ;
(2) there exist monotone functions f : EX → BX and g : BX → BX such that E[B\f(E)] ⊂
g(B) for any E ∈ EX and B ∈ BX ;
(3) the ballean X has bounded growth.
Proof. 1. Fix any point x0 ∈ X and consider two subsets
D :=
{
{x0, x} : x ∈ X
}
and S :=
{
{x} : x ∈ X
}
in the symmetric square [X]≤2 of X. We claim that the sets D and S are asymptotically
disjoint. Given any entourage E ∈ EX , we need to show that the intersection Eˆ[D] ∩ Eˆ[S] is
bounded in [X]≤2. Replacing E by E ∪E−1, we can assume that E = E−1. Fix any elements
{x0, x} ∈ D and {y} ∈ S and take any set A ∈ Eˆ[{x0, x}] ∩ Eˆ[{y}]. It follows that x0 ∈ E[A]
and A ⊂ E[y], which implies that x0 ∈ E ◦ E[y] and hence y ∈ E
−1 ◦ E−1[x0] = E
2[x0]
and finally, A ⊂ E[y] ⊂ E3[x0]. Therefore, Eˆ[D] ∩ Eˆ[S] is contained in the bounded subset
{A ∈ [X]≤2 : A ⊂ E3[x0]} of [X]
≤2, witnessing that the sets D and S are asymptotically
disjoint in [X]≤2.
By the normality of [X]≤2, the asymptotically disjoint sets D,S have disjoint asymptotic
neighborhoods OD and OS in [X]
≤2. By the definition of an asymptotic neighborhood, for
every E ∈ EX the sets
DE := {A ∈ D : Eˆ[A] ⊂ OD} and SE := {A ∈ S : Eˆ[A] ⊂ OS}
have bounded complements D \DE and S \ SE in [X]
≤2. Then the set
f(E) := {x ∈ X : {x0, x} ∈ D \DE} ∪ {y ∈ X : {y} ∈ S \ SE}
is bounded in X. It is easy to see that the function f : EX → BX , f : E 7→ f(E), is monotone
in the sense that f(E) ⊂ f(E′) for any entourages E ⊂ E′ in EX .
We claim that the function f has the required property: E2[E1[x0] \ f(E2)] ⊂ f(E1) for
any E1, E2 ∈ EX .
To derive a contradiction, assume that E2[E1[x0] \ f(E2)] 6⊂ f(E1) for some E1, E2 ∈ EX .
Then there exist points y ∈ E1[x0] \ f(E2) and x ∈ E2[y] \ f(E1). It follows that E2[y]
intersects the sets E1[x0] and E1[x], which implies that Eˆ2[{y}] ∩ Eˆ1[{x0, x}] 6= ∅. On the
other hand, x /∈ f(E1) and y /∈ f(E2) imply that {x0, x} ∈ DE1 and {y} ∈ SE2 . Consequently,
∅ 6= Eˆ1[{x0, x}] ∩ Eˆ2[{y}] ⊂ OD ∩OS = ∅,
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which is a desired contradiction.
2. Fix any point x0 ∈ X. By the preceding statement, there exists a monotone function
f : ↓EX → BX such that E[E1[x0] \ f(E)] ⊂ f(E1) for any E1, E ∈ ↓EX .
For every bounded set B ∈ BX , consider the entourage
EB := ∆X ∪
(
(B ∪ {x0})× (B ∪ {x0})
)
∈ ↓EX
and put g(B) := f(EB). The monotonicity of the function f implies the monotonicity of the
function g : BX → BX , g : B 7→ g(B) = f(EB). It remains to observe that for any E ∈ EX
and B ∈ BX we have
E[B \ f(E)] ⊂ E[EB [x0] \ f(E)] ⊂ f(EB) = g(B).
3. By the preceding statement, there exist monotone functions f : EX → BX and g :
BX → Bx such that E[B \ f(E)] ⊂ g(B) for any E ∈ EX and B ∈ BX . We claim that the
entourage G = {(x, y) ∈ X × X : y ∈ g({x})} witnesses that the ballean X has bounded
growth. First observe that for any bounded set B ⊂ X the monotonicity of the function g
ensures that the set G[B] ⊂ g(B) is bounded. Also, for any E ∈ EX and x ∈ X \ f(E) we
have E[x] = E[{x} \ f(E)] ⊂ g({x}) = G[x], which means that G is a growth entourage for
X. 
9. Proof of Theorem 1.17
Theorem 1.17 follows from Proposition 2.3 and the following lemma.
Lemma 9.1. Let n ∈ N and G ⊂ H be two subgroups of the symmetric group Sn. For every
ballean X the map π : [X]nG → [X]
n
H , π : xG 7→ xH, is perfect.
Proof. The definition of the ball structures on the balleans [X]nG and [X]
n
H implies that the
map π : [X]nG → [X]
n
H , π : xG 7→ xH, is proper and macro-uniform. To see that this map is
closed, fix any asymptotically disjoint sets A,B ⊂ [X]nG such that A = π
−1(π(A)). We need
to check that the sets π(A) and π(B) are asymptotically disjoint in [X]nH . Fix any entourage
E = E−1 ∈ EX and consider the entourage
E˜ = {(x, y) ∈ Xn ×Xn : ∀i ∈ n (x(i), y(i)) ∈ E} ∈ EXn .
The entourage E˜ induces the entourages EˆG = {(xG, yG) : (x, y) ∈ E˜} ∈ E[X]n
G
and EˆH =
{(xH, yH) : (x, y) ∈ E˜} ∈ E[X]n
H
. Since the set A,B are asymptotically disjoint in [X]nG, the
intersection EˆG[A]∩EˆG[B] is bounded in [X]
n
G and hence is contained in the set {xG : x ∈ D
n}
for some bounded set D ⊂ X.
We claim that EˆH [π(A)] ∩ EˆH [π(B)] ⊂ {xH : x ∈ D
n}. Fix any elements aG ∈ A and
bG ∈ B and cH ∈ EˆH [π(aG)] ∩ EˆH [π(bG)] = EˆH [aH] ∩ EˆH [bH]. Taking into account that
(bH, cH) ∈ EˆH , we can replace c ∈ X
n by a suitable representative in the equivalence classe
cH and assume that (b, c) ∈ E˜ and hence cG ∈ EˆG[bG]. On the other hand, cH ∈ EˆH [aH]
implies that c ∈ E˜[a◦h] for some h ∈ H. Now (a◦h)H = aH = π(aG) ∈ π(A) and the equality
A = π−1(π(A)) imply (a◦h)G ∈ π−1(π(A)) = A and cG ∈ EˆG[A]∩EˆG[bG] ⊂ EˆG[A]∩EˆG[B] ⊂
{xG : x ∈ Dn}. Then cH ∈ {xH : x ∈ Dn} and hence EˆH [π(A)] ∩ EˆH [π(B)] ⊂ {xH : x ∈
Dn}. 
10. Proof of Theorem 1.18
Theorem 1.18 follows from Lemmas 10.2 and 10.3, proved in this section.
Let X be a ballean and z ∈ X be any point. For k < n let
∆nk(z) := {x ∈ X
n : |x[n] \ {z}| = 1, |x−1(z)| = k},
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where x[n] = {x(i) : i ∈ n}.
Lemma 10.1. The bornology of the ballean X has a linealy ordered base if for some positive
k < l < n the sets ∆nk(z) and ∆
n
l (z) have disjoint asymptotic neighborhoods in X
n.
Proof. Assume that U, V are two disjoint asymptotic neighborhoods of the sets ∆nk(z) and
∆nl (z) in X
n, respectively. Then for any entourage E ∈ EX there exists a bounded set
ϕ(E) ⊂ X such that Eˆ[∆nk(z) \ ϕ(E)
n] ⊂ U and Eˆ[∆nl (z) \ ϕ(E)
n] ⊂ V where Eˆ = {(x, y) ∈
Xn ×Xn : ∀i ∈ n (x(i), y(i)) ∈ E} ∈ EXn .
For every bounded set B ∈ BX find an entourage EB = E
−1
B ∈ EX such that B ⊂ EB [z].
We claim that the function f : BX → BX , f : B 7→ ϕ(EB), has the property: for any bounded
sets B,D in X we have B ⊂ f(D) or D ⊂ f(B).
To derive a contradiction, assume that there are two bounded sets B,D ⊂ X such that
B 6⊂ f(D) = ϕ(ED) and D 6⊂ f(B) = ϕ(EB). Choose elements x ∈ ∆
n
k(z) and y ∈ ∆
n
l (z)
such that x[n] ⊂ {z} ∪ (B \ ϕ(ED)) and y[n] ⊂ {z} ∪ (D \ ϕ(EB)). Then EˆD[x] ⊂ U and
EˆB [y] ⊂ V .
On the other hand, x[n] ⊂ {z} ∪ B ⊂ EB [z] and y[n] ⊂ {z} ∪D ⊂ ED[z]. Consequently,
z ∈ E−1B [x(i)] ∩ E
−1
D [x(i)] = EB[x(i)] ∩ ED[x(i)] for all i ∈ n and the constant function
z¯ : n → {z} belongs to EˆB[x] ∩ EˆD[y] ⊂ U ∩ V = ∅. This is a desired contradiction showing
that for any bounded sets B,D in X we have B ⊂ f(D) or D ⊂ f(B). Now we can apply
Lemma 5.2 and conclude that add(BX) = cof(BX), which implies that the bornology BX of
X has a linearly ordered base. 
Lemma 10.2. The bornology of a ballean X has a linearly ordered base if for some n ≥ 3
and some subgroup G ⊂ Sn the G-symmetric power [X]
n
G is normal.
Proof. Assume that for some n ≥ 3 and some subgroup G ⊂ Sn the ballean [X]
n
G is normal.
Let π : Xn → [X]nG be the surjective proper macro-uniform map assigning to each function
x ∈ Xn its equivalence class xG = {x ◦ g : g ∈ G}. Since n ≥ 3, we can fix two positive
integer numbers k < l < n.
We claim that the sets π(∆nk(z)) and π(∆
n
l (z)) are asymptotically disjoint in [X]
n
G.
Given any entourage E ∈ EX consider the entourages
E˜ = {(x, y) ∈ Xn ×Xn : ∀i ∈ n (x(i), y(i)) ∈ E} ∈ EXn
and
Eˆ = {(xG, yG) : (x, y) ∈ E˜} ∈ E[X]n
G
.
We need to prove that the intersection Eˆ[π(∆nl (z))] ∩ Eˆ[π(∆
n
l (z))] is bounded in [X]
n
G.
Take any element xG ∈ Eˆ[π(∆nk(z))] ∩ Eˆ[π(∆
n
l (z))]. Taking into account that the sets
∆nk(z) and ∆
n
l (z) are invariant under the (coordinate permutating) action of the group G, we
conclude that x ∈ E˜[a] ∩ Eˆ[b] for some a ∈ ∆nk(z) and b ∈ ∆
n
l (z). By the definition of the
sets ∆nk(z) and ∆
n
l (z), the sets a[n] \ {z} and b[n] \ z are singletons. Since |a
−1(z)| = k < l =
|b−1(z)|, there exists i ∈ n such that b(i) = z 6= a(i). It follows that x(i) ∈ E[a(i)]∩E[b(i)] =
E[a(i)] ∩ E[z] and thus a(i) ∈ E−1◦E[z] and a[n] = {z, a(i)} ⊂ E−1◦E[z]. Then the set
x[n] ⊂ E[a[n]] ⊂ E◦E−1◦E[z] is bounded in X and hence the intersection
Eˆ[π(∆nk(z))] ∩ Eˆ[π(∆
n
l (z))] ⊂ {xG ∈ [X]
n
G : x[n] ⊂ E◦E
−1◦E[z]}
is bounded in [X]nG.
By the normality of the ballean [X]nG, the asymptotically disjoint sets π(∆
n
k(z)) and
π(∆nl (z)) have disjoint asymptotic neighborhoods U, V ⊂ [X]
n
G. Taking into account that
the map π : Xn → [X]nG is macro-uniform and proper, we can check that π
−1(U), π−1(V ) are
disjoint asymptotic neighborhoods of the sets ∆nk(z) and ∆
n
l (z) in X
n. By Lemma 10.1, the
bornology BX of X has a linearly ordered base. 
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Lemma 10.3. A ballean X has bounded growth if for some n ≥ 2 and some subgroup G ⊂ Sn
the ballean [X]nG is normal.
Proof. By Theorem 1.17, the normality of [X]nG implies the normality of the symmetric n-th
power [X]n of X. Without loss of generality, we can assume that X is not empty and hence
contains some point z ∈ X. It can be shown that the map f : [X]≤2 → [X]n, f : {x, y} 7→
(x, y, z, . . . , z), is an asymorphic embedding. By Proposition 2.1, the normality of the ballean
[X]n implies the normality of [X]≤2. Applying Lemma 8.2(3), we conclude that the ballean
X has bounded growth. 
11. Balleans on G-spaces
In this section we study the finitary ball structure on transitive G-spaces, i.e., sets X
endowed with a transitive (left) action of a group G. The action of G on X is transitive if
Gx = X for all x ∈ X.
Each transitive G-space X carries the canonical ball structure EX,G consisting of the en-
tourages
EF :=
{
(x, y) ∈ X ×X : y ∈ {x} ∪ {gx}g∈F
}
where F runs over finite subsets of the group G.
The ballean (X, EX,G) is finitary in the sense that sup{|E[x]| : x ∈ X} < ∞ for every
entourage E ∈ EX,G.
A subgroup G of the permutation group SX of a set X is called transitive if its action on X
is transitive, which means that Gx = X for all x ∈ X. By Theorem 1 proved in [16], for each
finitary ballean (X, EX) there exists a transitive subgroup G ⊂ SX such that the balleans EX
and EX,G generate the same coarse structure, i.e., ↓EX = ↓EX,G. So, the study of finitary
balleans can be reduced to investigation of the canonical balleans on transitive G-spaces.
In this respect we can ask the following natural problem.
Problem 11.1. Study the interplay between algebraic and topological properties of a transitive
subgroup G ⊂ SX and asymptotic properties of the ballean (X, EX,G)?
Here we endow the permutation group SX with the topology inherited from the topology
of the Tychonoff product XX , where X is endowed with the discrete topology. This topology
turns SX into a complete topological group. The topological group SX is Polish if the set X
is countable.
The bounded growth of transitive G-spaces has the following topological characterization.
Proposition 11.2. For a countable set X and a transitive subgroup G ⊂ SX the ballean
(X, EX,G) has bounded growth if and only if the group G is contained in a σ-compact subset
of SX .
Proof. Since the ballean (X, EX,G) is finitary, its bornology BX coincides with the family
[X]<ω of all finite subsets of X.
If the ballean (X, EX,G) has bounded growth, then there exists a growth entourage Γ for
X.
Fix any countable dense set D ⊂ G. For every d ∈ D and n ∈ ω consider the compact set
Kd,n := {g ∈ SX : (∀k ≤ n g(xk) = d(xk)) and (∀k > n {g(xk), g
−1(xk)} ∈ Γ[xk])}
in the Polish group SX . The choice of the growth function γ guarantees that
G ⊂
⋃
d∈D
⋃
n∈ω
Kd,n.
Now assume that the subgroup G is contained in a σ-compact set A ⊂ SX . Write A as
the countable union A =
⋃
n∈ω An of compact sets An such that An ⊂ An+1 for all n ∈ ω. It
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follows that for every n ∈ ω the set Γ[xn] := {xn} ∪ {f(xn) : f ∈ An} ⊂ X is finite. We claim
that the entourage Γ =
⋃
x∈X Γ[x] witnesses that the ballean (X, EX,G) has bounded growth.
Indeed, for any finite set F ⊂ G ⊂
⋃
n∈ω An, we can find n ∈ ω such that F ⊂ An. Then for
every m ≥ n we have
EF [xm] = {xm} ∪ {f(xm) : f ∈ F} ⊂ {xm} ∪ {f(xm) : f ∈ Am} = Γ[xm].

A sufficient condition for the (ultra)normality of (X, EX,G) is the infinite mixing property
of the action of G on X.
Definition 11.3. We say that a subgroup G ⊂ SX is infinitely mixing if for any infinite sets
I, J ⊂ X there exists a permutation g ∈ G such that the intersection g(I) ∩ J is infinite.
Proposition 11.4. If a transitive subgroup G ⊂ SX is infinitely mixing, then the ballean
(X, EX,G) contains no unbounded asymptotically disjoint subsets and hence is ultranormal.
Proof. Given two unbounded (and hence infinite) asymptotically disjoint sets A,B ⊂ X, we
can use the infinitely mixing property and find a permutation g ∈ G such that the intersection
g(A) ∩ B is infinite. Then for the entourage E{g} := {(x, y) ∈ X × X : y ∈ {x, g(x)}} the
intersection E{g}[A]∩E{g}[B] ⊃ g(A)∩B is infinite and hence unbounded in X. This means
that the sets A,B are not asymptotically disjoint. 
Next, we find a condition on the action of the group G guaranteeing that the ballean
(X, EX,G) is pseudobounded.
Let us recall that a function ϕ : X → R of a ballean X is slowly oscillating if for every
ε > 0 and every E ∈ EX there exists a bounded set B ⊂ X such that for every x ∈ X \B the
set ϕ(E[x]) has diameter < ε in the real line.
A ballean X is called pseudobounded if for each slowly oscillating function ϕ : X → R
there exists a bounded set B ⊂ X such that the set ϕ(X \ B) is bounded in the real line.
Pseudobounded balleans were introduced in [15].
Lemma 11.5. A ballean X is pseudobounded if cof(BX) = ω and X contains no discrete
subballeans.
Proof. Since cof(BX) = ω, we can choose a well-ordered base (Bn)n∈ω of the bornology of X.
Assuming thatX is not pseudobounded, we can find a slowly oscillating function ϕ : X → R
such that for every n ∈ ω the set ϕ(X \Bn) is unbounded in the real line.
Let x0 ∈ X be any point. By induction for every n ∈ ω we can select a point X \Bn such
that |ϕ(xn+1)| > |ϕ(xn)|+ 1. for every n ∈ ω. It can be shown that the subballean {xn}n∈ω
is unbounded and y discrete. 
The following proposition can be easily derived from the definitions of the ball structure
EX,G and Proposition 3.7.
Proposition 11.6. Let X be a countable set and G ⊂ SX be a subgroup such that for any
infinite subset I ⊂ X there exists a permutation g ∈ G such that the set {x ∈ I : x 6=
g(x) ∈ I} is infinite. Then the ballean (X, EX,G) contains no discrete subballeans and hence
is pseudobounded but fails to have bounded growth.
Propositions 11.4 and 11.6 imply
Corollary 11.7. For a countable set X the ballean (X, EX,SX ) is ultranormal and pseu-
dobounded but does not contain discrete subballeans and fails to have bounded growth.
Finally let us prove that the normality of ball structures of G-spaces is preserved by equi-
variant maps. A map ϕ : X → Y between G-spaces is called equivariant if ϕ(g·x) = g·ϕ(x)
for all g ∈ G and x ∈ X.
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Theorem 11.8. Let ϕ : X → Y be an equivariant map between two transitive G-spaces. If
the ballean (X, EX,G) is normal, then so is the ballean (Y, EY,G).
Proof. The equivariance of ϕ implies that the map ϕ : (X, EX,G)→ (Y, EY,G) is macro-uniform
and open. The transitivity of the G-spaces implies that the equivariant map ϕ is surjective.
Since the ballean (Y, EY,G) is finitary, any section s : Y → X of the map ϕ is bornologous.
Now we can apply Proposition 2.5 and conclude that the normality of the ballean (X, EX,G)
implies the normality of the ballean (Y, EY,G). 
12. The proof of Theorem 1.21
Given a group G and an infinite cardinal κ < |G|, we should prove that the ballean
(G, E[G]<κ) is not normal. To derive a contradiction, assume that the ballean (G, E[G]<κ) is
normal.
Two cases are possible.
I. There exists a subgroup A ⊂ G of cardinality |A| = κ and a subsetM ⊂ G of cardinality
|M | > κ such that for each point b ∈M there exists a set F ∈ [G]<κ such that |Ab−1∩FA| = κ.
By the Kuratowski-Zorn Lemma, the setM contains a maximal subset B such that the family
(bA)b∈B is disjoint. It is easy to see that |B| = |M | > κ.
We claim that the sets A and B are asymptotically disjoint in the ballean (G, E[G]<κ). First
we show that for any x, y ∈ G the intersection xA∩ yB contains at most one point. To derive
a contradiction, assume that xA∩ yB contains two distinct points z1, z2. For every i ∈ {1, 2}
find points ai ∈ A and bi ∈ B such that xai = zi = ybi. Then b1a
−1
1 = y
−1x = b2a
−1
2
and hence b1 = b2 (as the family (bA)b∈B is disjoint). Then z1 = yb1 = yb2 = z2, which
contradicts the choice of the points z1 6= z2. Then for any set F ⊂ G of cardinality |F | < κ,
we have |FA ∩ FB| ≤
∑
x,y∈F |xA ∩ yB| ≤ |F × F | < κ, which means that the sets A,B are
asymptotically disjoint.
By the normality of the ballean (G, E[G]<κ), the asymptotically disjoint sets A,B have
disjoint asymptotic neighborhoods OA, OB . Then for every set F ∈ [G]
<κ the set Φ(F ) :=
{a ∈ A : Fa 6⊂ OA} ∪ {b ∈ B : Fb 6⊂ OB} is bounded and hence has cardinality |Φ(F )| < κ.
Consequently, the union Φ[A] =
⋃
a∈AΦ({a}) has cardinality |Φ[A]| ≤ |A| · κ = κ.
We claim that there are elements x, y ∈ G and a ∈ A \ Φ(x) and b ∈ B \ Φ(y) such that
xa = yb. Since |B| > κ ≥ |Φ[A]|, there exists an element b ∈ B \ Φ[A]. By our assumption,
for the point b ∈ B ⊂M there exists a set Fb ∈ [G]
<κ such that |Ab−1 ∩ FbA| = κ.
Since the set Φ(F−1b ) has cardinality |Φ(F
−1
b )| < κ = |Ab
−1 ∩ FbA|, there exist elements
a ∈ A and f ∈ Fb such that ab
−1 ∈ fA and a /∈ Φ(F−1b ). Put x = f
−1 and y = f−1ab−1 ∈ A.
Observe that a /∈ Φ(F−1b ) ⊃ Φ({x}) and b /∈ Φ({y}) ⊂ Φ[A]. Consequently, xa ∈ OA and
yb ∈ OB . On the other hand, xa = f
−1a = f−1ab−1b = yb ∈ OA ∩OB = ∅, which is a desired
contradiction completing the proof in the case I.
II. There exists a subgroup A ⊂ G of cardinality |A| = κ and a subsetM ⊂ G of cardinality
|M | > κ such that for every b ∈ M and set F ∈ [G]<κ we have |Ab ∩ FA| < κ. Using the
Kuratowski-Zorn Lemma, choose a maximal subset U ⊂M such that the family (AbA)b∈U is
disjoint. By the maximality, the set U has cardinality |U | = |M | > κ. Using the Kuratowski-
Zorn Lemma, for every b ∈ U choose a maximal set Ab ⊂ A such that the family (abA)a∈Ab
is disjoint. The maximality of Ab implies that AbA = AbbA. We claim that |Ab| = κ. In
the opposite case, the set F = Abb has cardinality |F | < κ and then the set Ab = FA ∩ Ab
has cardinality < κ, which is not possible as |Ab| = |A| = κ. This contradiction shows that
|Ab| = κ.
We claim that the sets A and B := {aba−1 : a ∈ Ab, b ∈ U} are asymptotically disjoint
in the ballean (G, E[G]<κ). This will follow as soon as we check that for every x ∈ G the set
xA ∩B contains at most one point. Assuming that xA ∩B is not empty, find a point b ∈ U
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such that xA ∩AbA 6= ∅. Then x ∈ AbA and hence xA ∩B ⊂
⋃
u∈U (AbA ∩ AuA) = AbA as
the family (AuA)u∈U is disjoint. Therefore, xA∩B = xA∩B∩AbA = xA∩{aba
−1 : a ∈ Ab}.
Assuming that the set xA∩B contains two distinct points, we would find two distinct points
a1, a2 ∈ Ab such that a1ba
−1
1 , a2ba
−1
2 ∈ xA and hence x ∈ a1bA ∩ a2bA, which is not possible
as the family (abA)a∈Ab is disjoint. This contradiction shows that |xA ∩ B| ≤ 1 for every
x ∈ G and hence |FA ∩ FB| ≤ |F × F | < κ for every F ∈ [G]<κ.
By the normality of the ballean (G, E[G]<κ), the asymptotically disjoint sets A,B have
disjoint asymptotic neighborhoods OA, OB . Then for every x ∈ G the set Φ(x) := {a ∈ A :
xa /∈ OA} ∪ {b ∈ B : xb /∈ OB} is bounded and hence has cardinality |Φ(x)| < κ.
Since |U | > κ, there exists an element u ∈ U \
⋃
a∈A aΦ(a)a
−1. Since |Ab| = κ > |Φ(u)|,
there exists an element a ∈ Ab \ Φ(u). Put y = a ∈ A, x = u and b = a
−1ua ∈ B. It follows
that a /∈ Φ(u) = Φ(x) and b = a−1ua /∈ Φ(a) (as u /∈ aΦ(a)a−1), which implies xa ∈ OA and
yb ∈ OB . On the other hand, xa = ua = aa
−1ua = yb ∈ OA ∩ OB = ∅. This contradiction
completes the proof of the case II and also the proof of Theorem 1.21.
13. The proof of Theorem 1.22
Given any group G and an infinite cardinal κ ≤ |G| we should prove the equivalence of the
following conditions:
(1) the bornology [G]<κ of the ballean (G, E[G]<κ) has a linearly ordered base;
(2) the ball structure E[G]<κ has a linearly ordered base;
(3) the ballean (G, E[G]<κ) has bounded growth;
(4) |G| = κ and κ is a regular cardinal.
Moreover, if κ os regular or G is solvable, then we should prove that the conditions (1)–(4)
are equivalent to the condition
(5) The ballean (G, E[G]<κ) is normal.
The implication (1) ⇒ (2) follows from the definition of the ball structure E[G]<κ and
(2)⇒ (3) from Proposition 3.4.
(3) ⇒ (4): Assume that the ballean (G, E[G]<κ) has bounded growth, which means that
there exists an entourage Γ on X such that for any set I ∈ [G]<κ the sets Γ[I] and {x ∈ G :
{x} ∪ Ix 6⊂ Γ[x]} belong to the ideal [G]<κ. Then the family {Γ(x)x−1}x∈G is cofinal in the
poset [G]<κ, which means that cof([G]<κ) ≤ |G|.
We claim that |G| = κ. In the opposite case we can take any subset K ⊂ G of cardinality
|K| = κ < |G| and choose an element g ∈ G \
⋃
x∈K Γ[x]x
−1. Then for the singleton {g} ∈
[G]<κ the set {x ∈ G : {x, gx} /∈ Γ[x]} contains the set K and hence does not belong to the
ideal [G]<κ. But this contradicts the choice of Γ.
Now we see that cof([κ]<κ) = cof([G]<κ) ≤ |G| = κ. It remains to prove that the cardinal
κ is regular. Since cof([κ]<κ) ≤ κ, the poset [κ]<κ has a cofinal set {Sα}α∈κ of cardinality
κ. Let C ⊂ κ be a cofinal set of cardinality |C| = cof(κ). For every α ∈ C consider the set
Uα =
⋃
{Sβ : β ≤ α, |Sβ| ≤ |α|} and observe that it has cardinality |Uα| < κ. So, we can
choose a point xα ∈ κ\Uα. Assuming that the cardinal κ is singular, we conclude that the set
X = {xα}α∈C has cardinality |X| ≤ cof(κ) < κ and hence is contained in some set Sα, where
α ∈ κ. Then for the ordinal β := α+ |Sα| < κ we get X ⊂ Sα ⊂ Uβ, which is not possible as
xβ ∈ X \ Uβ. This contradiction shows that cof(κ) = κ and the cardinal κ is regular.
(4)⇒ (1): If |G| = κ and the cardinal κ is regular, then for any bijective function f : κ→ G
the family {f([0, α])}α<κ a linearly ordered base of the bornology [G]
<κ.
The implication (2)⇒ (5) follows from Theorem 1.1.
Now assuming that the cardinal κ is regular or the group G is solvable, we shall prove
that (5) ⇒ (4). If the cardinal κ is regular, then the implication (5) ⇒ (4) follows from
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Theorem 1.21. For solvable groups this implication is proved in the last statement of the
following lemma.
Lemma 13.1. Let G be a group of singular cardinality κ = |G|. If the ballean (G, E[G]<κ) is
normal, then
(1) for each subset A ⊂ G of cardinality |A| = κ the centralizer
CG(A) =
⋂
a∈A{x ∈ G : xa = ax} has cardinality |CG(A)| < κ;
(2) for any quotient group H of G the ballean (H, E[H]<κ) is normal;
(3) no subgroup of G admits a homomorphism onto a group H containing a subset A ⊂ H
with |A| = κ = |CH(A)|.
(4) G is not solvable.
Proof. 1. To derive a contradiction, assume that G contains a subset Λ ⊂ G such that
|Λ| = κ = |CG(Λ)|. By transfinite induction we can construct two transfinite sequences
{aα}α∈κ ⊂ Λ and {bα}α∈κ ⊂ CG(Λ) such that for every α < κ the following conditions hold:
• aα 6= aib
−1
j bk for any ordinals i, j, k < α;
• bα ∈ bia
−1
j ak for any ordinals i < α and j, k ≤ α.
The choice of the elements aα, bα is always possible since |Λ| = κ = |CG(Λ)|. Then for
the sets A = {aα}α∈κ and B = {bα}α∈κ the intersection A
−1A ∩ B−1B consists the unique
element equal to the unit e of the group G. This property can be used to show that for every
x, y ∈ G the intersection xA ∩ yB is a singleton. This implies that for any subset F ∈ [G]<κ
the intersection FA ∩ FB belongs to the ideal [G]<κ, which means that the sets A,B are
asymptotically disjoint in the ballean (G, E[G]<κ).
By the normality of the ballean (G, E[G]<κ), the asymptotically disjoint sets A,B has disjoint
asymptotic neighborhoods OA and OB . Then the functions
ϕ : [A]<κ → [B]<κ, ϕ : F 7→ {b ∈ B : Fb 6⊂ OB}
and
ψ : [B]<κ → [A]<κ, ψ : F 7→ {a ∈ A : Fa 6⊂ OA}
are well-defined. We claim that for any A′ ∈ [A]<κ and B′ ∈ [B]<κ we have B′ ⊂ ϕ(A′) or
A′ ⊂ ψ(B′). Assuming that B′ 6⊂ ϕ(A′) and A′ 6⊂ ψ(B′), we can find points a ∈ A′ \ ψ(B′)
and b ∈ B′ \ ϕ(A′) and conclude that ab ⊂ OB and ba ∈ OA. Taking into account that
b′ ∈ CG(Λ) ⊂ CG(a), we conclude that ab = ba ∈ OB∩OA = ∅, which is a desired contradiction
proving that B′ ⊂ ϕ(A′) or A′ ⊂ ψ(B′).
Now we can apply Lemma 5.2 and conclude that the partially ordered set [A]<κ has
add([A]<κ) = cof([A]<κ), which implies that the ideal [A]<κ has a linearly ordered base.
Since |A| = κ = |G|, the ideal [G]<κ also has a linearly ordered base. By the (already proved)
implication (1) ⇒ (4) of Theorem 1.22, the cardinal κ is regular. But this contradicts our
assumption.
2. Let H be any quotient group of G and q : G→ H be the quotient homomorphism. The
definition of the ball structures E[G]<κ and E[H]<κ implies that the quotient homomorphism
q : G→ H is open and macro-uniform. Moreover, any section s : H → G of q is bornologous.
By Proposition 2.5, the normality of the ballean (G, E[G]<κ) implies the normality of the
ballean (H, E[H]<κ).
3. Assume that some subgroup Γ of G admits a homomorphism on a group H containing a
subset A ⊂ H with |A| = κ = |CH(A)|. By Corollary 2.2, the subballean (Γ, E[Γ]<κ) is normal.
By the preceding statement, the ballean (H, E[H]<κ) is normal. Since |H| ≥ |A| = κ = |G| ≥
|H|, the group H has cardinality κ. By the first statement, |CH(A)| < κ, which contradicts
the choice of the set A.
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4. To derive a contradiction, assume that the group G is solvable. Let G(0) = G and for
every n ∈ ω let G(n+1) be the commutator subgroup of the group G(n). Since the group
G is solvable, for some n ∈ N the group G(n) is trivial. Let k ∈ N be the largest number
such that |G(k)| = κ. Then G(k+1) is a normal subgroup of cardinality < κ, which implies
that the quotient group H = G(k)/G(k+1) is Abelian and has cardinality |H| = κ. Then the
set A = H has CH(A) = H and hence |A| = κ = |CH(A)|, which contradicts the preceding
statement. 
14. Some Open Problems
In this section we ask some open problems related to normality of products. Our first
problem asks if Theorem 1.4 can be reversed.
Problem 14.1. Let X,Y be two normal balleans of bounded growth whose bornologies have
countable base. Is the product X × Y normal?
Our next question concerns separation of cardinal characteristics cof⋆(EX) and cof∗(EX).
Problem 14.2. Is cof⋆(EX) < cof∗(EX) for some ballean (X, EX)?
By Theorem 1.17, for every ballean X and every n ∈ N the normality of the n-th power
Xn implies the normality of the symmetric nth power [X]n.
Problem 14.3. Let X be a ballean and n ∈ N. Is it true that the normality of the symmetric
n-th power [X]n implies the normality of the hypersymmetric n-th power [X]≤n?
In Theorem 1.13 we proved that each ultradiscrete ballean X has normal hypersymmetric
powers [X]≤n.
Problem 14.4. Let X be an ultradiscrete ballean. Is the hyperballean [X]B normal?
Problem 14.5. Assume that for a group ideal I on a group G the ballean (G, EI) is normal.
Has the ideal I a linearly ordered base?
By Theorem 1.21, Problem 14.5 has affirmative answer for the group ideal [G]<κ of subsets
of cardinality < κ where κ is an infinite regular cardinal. We do not know if Theorem 1.21
remains true for singular cardinals.
Problem 14.6. Let G be a group of infinite cardinality κ = |G| such that the ballean
(G, E[G]<κ) is normal. Is the cardinal κ regular?
By Theorem 1.22, for solvable groups the answer to Problem 14.6 is affirmative.
We say that a function ϕ : G → R defined on a group G is constant at infinity if there
exists a real number c (denoted by limg→∞ ϕ(x)) such that for any neighborhood U ⊂ R
of c the set G \ ϕ−1(U) is finite. By Theorem 3.1 of [11], every slowly oscillating function
ϕ : G → R defined on the finitary ballean (G, E[G]<ω ) of an uncountable Abelian group G
is constant at infinity. The same result holds more generally for slowly oscillating functions
on any uncountable group whose any countable subset is contained in a countable normal
subgroup. On the other hand, by Example 3.3 in [11], any uncountable free group admits an
unbounded slowly oscillating function.
Problem 14.7. Let G be a group whose finitary ballean (G, E[G]<ω ) is pseudobounded. Is each
slowly oscillating function ϕ : G→ R constant at infinity?
More open problems related to real-valued functions on balleans can be found in [3].
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